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Abstract: The researcher carried out a thorough and a deliberate study on (Jensen’s) Inequality and its complements in the
repeated linear relations, as well as he introduced a number of applications on the same, besides some improvements that

have been introduced on some areas of the Inequality.
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Introduction:

The paul R.Beesack and Josip E Pecaric in 1985 defines a row for the frequent functions under

certain conditions, then the norm for the frequent functions in order to make a generalization on the
.mixed (Gessen for the frequent functions

The researcher studied (Jensen's) Inequality and its complements for the repeated relations, as in

1985, both researchers (Paul R. Beesak) and ( Josip E. Pecaric) defined a linear of relations in order to make
a generalization on (Jensen's) Inequality for the frequent functions. In 1986 both researchers made a study
on some improvements that could be introduced on ( Jensen's) Inequality for the repeated relations, and
in 1991 they continued their research by providing some applications on (Jensen’s) Inequality.

The study objective:

The aim of this study is to identify (Jensen's) Inequality for the repeated relations.

the importance of your study:

Recognition Through applications on (Jensen's) Inequality and its complements And improved.

your study improved this field:

The researcher studied (Jensen's) Inequality and its complements for the repeated relations.

Developing examples and establishing appropriate rules for them.

Methodology:

Applied descriptive approach
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Application side:

(Jensen's) Inequality for the repeated relations:

a convex relation QLets (L) a linear that achieves the two properties (L1, L2) on the empty set (E), and let
(1) €Lg, so that on the non-empty interval R DI, if Ais a repeated linear relation on L, so there shall be

g € Lshallbe A(g) € I, and the following Inequality shall be achieved:

P AQ) <A @) (2..1)

Proof:
is a convex relation on the interval Cl)Let [OL, B)=1,as

@EL and [af]

g then: Includes g € |
=Aa()<A<AP)=p
is a convex relation on the interval 1, then for (1) From the above, we conclude that A (g) el, and since

m , so that:)each number X from 1, there is a fix number = m (X

G)=d(xg) +m (x-xg) €l X
If we put g=, AXO = (g)x, we shall get:

d=d(Al) + m(g-A (g)
By applylng A on this Inequality, we find that:

AP@)2d(Ag)+ m(A(g)-Alg))

From that also:

A(D(2)=P(A(g)

And this is the QED.

In complements for (Jensen's) Inequality, we can prove the following theories, that include Inequalities
(g) <F(A(g), by a proper and definite selection of the relation F.(¢ from the figure A

Let L a pattern that realizes the two properties L1, L2, on the non-empty set E, and let A a repeated linear
a convex relation on the interval :Cl)relation applied on M, and let

(—oo<m<M<0) [ =[ m, M]

Then, foreach g€&l.so that (1)(g)€|

A(DE)<[(M-A(g)P(m)+(Alg)-m)d(W)]/(M—m)
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Proof:

Since Cl)(g)eL , SO:

m<g()<M,

By identifying the convex relation, we find:

w-v v-u
dw) V u<vSwu<w

dW< P(u)+

w—u w—u

If we putu=m,w=M,g=v, we get:
M-g(t) g)-M
< — =27 A7
d @< T iy Lo o)
By applying A on both of the Inequality ends, we get:

M-A(g) A(g)—-m
q)(M)A((l)(g))SWCb(m)Jr Ery—

And this is QED

LetL a pattern that realizes the two properties (L1, L2) on the non-empty set E, and let A a repeated linear
1=[mM], aconvex relation for the intervalrelation on L, and let

(x) =0, and the equality is realized mostly at the isolated points from 1, and let’s (p-00<m<M<00),as (

assume that one of the following conditions has been achieved:

(i) (1)( X)>0 (i) for each x in the interval 1.

(i) (1)( X)>0 for each m<x<M

And realize one of the following cases: (1) (m)=0,

$'(M)z0 or G (M)=0, ¢'(m)=0

(i) d(X)<0 for x inthe interval 1.

(i) (x)<0 for each m<x<M, and realizes one of the following cases only:
$(m)=0or

b (M)=0

(g) €L, so the Inequality shall be:(l)Then, foreach g€L,sothat

AD@)STT DAE))..

(0,1) in both cases (iii), (iv), T Shall be right for some of 77>l values in both cases (i) & (ii) and €

particularly, we can calculate the value of 7T in the Inequality (2,3) in the following way:

d(M)—d(m)
P m—m

We put .
If cp=0 lIs:
Assuming that X=X
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is the only solution for the equation - (m<X<M) &'(X)=0, then:
7T =P(m)/P(X)
Butifitis pz0 ,and letit be: x=X
is the only solution for the interval [m,M] of the equation
1 G- () (P (m)+ p (x-m))=0
Then TT=p /P '(X)
And also we have m<X<M in cases (i) and (ii).
(b) Let L a line that realizes the two propertiesL1, L2 on the non-empty set E, and let A a frequent linear
a concave relation on the interval :(l)relation and documented on L, and let
(- b 00<m<M<00)[m,M]), as (I) ‘(x) <0 and realizes equality mostly on the isolated points
From 1. Furthermore, it realizes one of the following cases: (i), (ii), (iii), (iv), then for each g €L, provided
(g) € Lrealizes the cross Inequality for the Inequality (2 — 3), as for TU — it shall be calculated in (l)that
TT <1. the same aforementioned method in (a). However, in this case it shall be
when (1)(x) (1)<0 in the interval (m,M), and 0< 7T <1 when:
(1)(X)>0 in the interval (m,M).
Proof:
C(M,(l)(M), which has the equation «(a)Let BC the line that extends between the two points B(m,(l)(m),
,then (x),as7T>0 Cl)h )=y= (1) )+ p (x-m), taking into consideration the set of the convex relations TU
we conclude from the theory(1,2,13) mentioned in chapter one, that there is 0< 7T the only one that
realizes the theory conditions, so that the straight line h(x) in touch with the curve 7T Cl) (x) at the point:
(x, T (1)(32)) so we shall have:
H)S T P(x),V xEL
As g€l,s0 A(g) €1, so we may put: A(g)=x, so as to obtain:

A@)S T G(AR))

Furthermore, the theory (2,1,3) reveals that:

A EEED (7 (g) m)+h(m)=

Therefore:

AD@)<h(A@)< TT H(AR)
a convex for this interval, so it @ 1= (x) is a concave for the interval 1, the relation ) (b)As the relation

realizes all hypothesis in branch (), therefore, the Inequality (2,3) can be applied on the concave relation
1(x) to get : [0)
AD1@)S T (A
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Then:

ADE)<- T bAR)

So we shall have:

A} @)= T d(AR)
1(x),0, that is when Pwhen  (x) <0 in the interval (m,M), 0< 7T <I, thatis when ,(x)>0PAs 7T >l when
(x)<0in the interval (n,M).(

This is QED.

Let L a pattern that realizes both properties (L1, L2) on the non-empty set AE, a linear frequent

'(x)is totally @ (x) L, a derivative relation on the interval [m,M]=1, as pdocumented relation on

g)EL :Q)(increasing on 1, then for each g€L, so that

A((l)(g))S T +(1)(A(g)) ..................
: _ M) -b0m)
0< 1T <(M-m)( 1 —(l) (m)and M= Y~
Particularly, TUin the Inequality (2,4) may be calculated in the following way:

If

x=X is the only solution for the equation ¢ '(x) = p,asm < x < M, then:
= ()-p @)+ pRem)

(b) Let L a pattern that realizes both properties (L1, L2) on the non-empty set E,A, a linear frequent

"(x) is totally (1) (x), a derivative relation on the interval [ m,M]=l, as d)documented relation on L, and let

g) €L shall be :(1)(decreasing on 1, then for each gE€L, so that

OAE)S T+AP(Q))..oovvvve-
As 0< 7T<(M-m)((1)'(m)- W), and u asitisin (a), in fact we can take 7T :(l)()_()-C1)(m)- I (X-m) as

X asitisin (a).
Proof: (a)The same case in proving the theory (2,1,4) we shall take the line equation BC, whereas
C(M,p(M), and B(m,P(m) , which is:
+ U (x-m) xE€1h(x)=(m), and the set of the concave relations
T+ (1)(x), as we shall have 0<TT a unit that realizes the conditions of this theory, as detailed in the theory
(1,2,15) stated in the first chapter, so that the straight line h(x) in touch with the curve Tt +(1)(x) at the
point, ()_(,,1'[+Cl)()_() ,so we shall have:
h)ST+Px) ; x€I

As g€l itis required that A(g) €1, so if we put X=A(g), we get:

h(A)S T+ (Ag))
Also, we have from the theory (2,1,3):

Jensen'sy Inequality For The Frequent Functions (60) Al Z'ubi



Journal of Natural Sciences, Life and Applied Sciences - Issue (3) 1 - October 2017

Alb(@)<h (Alg)
Building on that:
AlD@)<h (A@Q)< T +D(Al)
which realizes all of the (x):-(l) (x)(1)1(b)lf we apply the Inequality (2,4) on the convex relation

hypothesis in (a), we shall get:

A(Clh(g))ﬁ 4 +(1)1 (A(g))

This means that:

~A} @)<T-P (Alg))
Then:

PAE)IST +A (P(g)
As:

0< 77 <(Mem)('(m)- L )=(M-m)( 1~ (m)
As, in this case (case b) it shall be:

_ 91M)—¢1(m) _ dm)—d) _
Ha= M-m - M-m B H

D R)-m)=1r=D, (1)-D , (R}, (&) D-@)pt-m)
And this is the QED.

Let(L) a pattern that realizes both properties (L1, L2) on the non-empty set E,A, and let (A)a linear frequent

(x) a convex relation on the interval ’I(I)on L, and let
ua—-A(pg)
u—A(P)
p(l)(g) €L, then there shall be: ,and pgelL
ua-Ag) udp(a)-A(pd(g))
u—A(P) - u—A(P)

Proof::

€l,a,and on the group E, and 0<A(P)<U, (UER), and Let's assume that P €L so that P2>0

ooooooooooooo

If we put the Inequality
A(pg)

apy D AR
We get:
A —A(p) [A A
d( 2ud(a) — A(p)d (pg))] J(u-A(p)) ua-A(p) [A(pg)/AP)]

A(p) u—A(P)

Now we take the relation A;(g)=A(pg)/A(p), which shall realize the following properties:
(1) If:

KheL eRX,
Then:
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A K + ph) = AB<ktpEl) (Al | (BAB) _ o gy gy, pagr) g

A(p) A(p) A(p)
(2) If:

>0a1(f)=——— A((pj)f) F(t)>0 on the group E, then:

AD) o

DA )= =1

From this we conclude that A, is a linear repeated and relation,
From (Jensen’s) Inequality, we shall have:
DA (2)=A1(2)=A(D(g)

From this, there shall be:

A A
o (r9) < (rd(9))

A(p) h A(p)
So It shall be:
UDE@-APID( 2L 1> ()-Apd(E)

A(p)
And this is the QED.

Through applications on (Jensen's) Inequality and its complements in the theory (2,1,3), we have the
following theory, which is considered as a generalization to a theory that is related to (Lupas).

Let L a pattern that realizes the two properties L1, L2, on the non-empty set:

(—e <a<b< « ) E[ab ]

a convex relation on the group E, (I)And let A- alinear frequent documented on L, and assuming that

e €L as x(x)=x,Ve,, then we have: . € L(l)and

Proof:

er€L. P (x)=P(e;) EL , then by using Jensen's Inequality with:

g(x)=e,(x)=x , we get:

D(Ae)SAD(e))= Al ()

, so we may apply the theory (2,1,3) includinginit a<A(e,)<,then a<e,<b,and b (x\)=](e;) PSince
M=a M=b/ g(x)=e(x)=x, so as to get:

A< b-Ale) b (@)+(Aler)-a)(b)]/(b-a)

Then we shall have:

D(Ae NAD N[ (b-Ale ) Dla)+(A(e)-a)b (b)) /(b-2)

And this is QED

Let (L) a pattern that realizes both properties (L1, L2) on the non-empty set E, and (A) is a linear frequent
[0,:] and R 1:f arelation that realizes (x) a convex relation on the interval pdocumented on L, and let

the following condition:
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D (x)<f(x)<CP(Bx), L

As B,C>0 fixed two numbers, then for each gE€L, as g0 on the group E, and
(Bg).fBge ¢

FA@))SC(A(F(BE))). oo

Proof: Since g0, we can put A(g) instead of x in the Inequality (2,8), so as to get:
$ (A[@)=F(A@)<CH(BA()
Whereas:
b (BAg)=CPH(A(BY))
(Bg)EL ,then we shall have :(pSince Bg€ L and

c(P (ABE))<CA((D(Bg))
Also, the same shall be in the Inequality (2,8):

(A (Bg))<C (A(f(Bg))

From that we get:

f(A@@)< Cd (BA(g)=C(P(ABE)C (A(D (Bg))<C(A(f(Bg))

And this is QED:

g€, so then is a convex relation for the interval for each L~ @ The interval 1from R, and  (x)=x(x)
that:

Al@>0and g d(g) . (gELW,we shall have:

AD@)=OA@<AGP@)/AR<PARE)/AQ)...

(g), and the relation (1) — a convex relation on |, then Jenssen Inequality shall give us:(l)Since geL,

Al @)Z(w (AR)
That is:

Algd(@=ARP(A(g)

Or by using the relation:
A,(H=A(fg)/A(g) , whereas g fg, €L and A(g)>0

Which is a linear frequent and documented in Jenssen Inequality, as:

(1) and g,gz, W (g)€EL is aconvexrelation, we get:

AD(@)=2-d(A(g)
From that :
SA(gd>(g)) ¢A(g2)
A(9) A(9)
Therefore:
A(gd(9)) A(g2)
<————<A <P(A —_—
A0) (@< dA@)P 20) )
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And this is the QED.
Theory (2, 2, 4):
A(g log g)

A(9)
Proof: Since (IJ(X)Zlog x is a concave relation and linked with each of x>0, and since

Exp( )2A(g)Zexp(A(log g))...cvvvvvvvvccvcccces

1
Cl)(?):-log x is a convex relation, then x(l)(x):xlogx is a convex relation for each of x>0.

1
Moreover, since g,g log g €L ,g>0, then by using Jensen's Inequality with the convex relation Cl)(;),

secondly, we shall get:
A(glog g) 2A(g) log A(g)

A(log g)<logA(g)
And since A(g)>0, then:
A(g log 9)
ZlogA(g)=A(log g)T
Thus:

A(g log 9)

)2A(g)Zexp (A(log g))WGXP(

And this is the QED:
The theory (2 —2 —6):

and s S=r r
' > eL f LethOonthegroupE,aslongL,

S+r 1 + fs
This means:
0<r<s< o, then:
1/(1+(A(ff))ri)r>o .......... <A(14F));
>1, then:
A(1/1 +fs))21/[1 +exp(sA(log ))]; r=0..eoo....
,andlet Initially, we take r>0
D=0 ™)) +x ()= ———— =. ()=x' @
N)=(xo W )(x) «x(X)= Tt s x)=x
x>0, we notice that:
2 S woNL S 2, —S . S S 1 S S S S S 4
@ ()= (1x ) (e A2 (1 x| e ) (1x =)
s s s s s s s S 4
= (1+xr )Xr ((1—xr )(1+er )+2—XT X_r )/(1+X " )

So as to have:

& (X)>0, it shall be:

28 s S S . S—R S
X +1x () >X - 1, thatis:
r r r r S+R r
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Therefore, (ID(X) is totally convex if R<S, ,andsincef €L

1
L)1t

ADE)ZDA(F)
So,

A(

T s
>X
S+r T

1 1
)= 5

1
1+ e5x

k)=

,we also find: In the case r = 0, we take (x)W = log x, as x>0, we find that (1)(x):

D" (x)=[s’e™(1+e>)(e™-1)]/(1+e™)*

we must have e ~-1>0, from which sx>0, that is s>0, "(x)>0(l)|n order to have

From this we conclude that (1)(x) is a totally convex relation, and by using Jensen's Inequality with g = logf,

we shall get:
1 1
( 1+ fs )2 1+ ex
p(s (A(log 1))
And this is the QED.
. o
Let f(x) a relation, so as (l)(x)— 1+ f(x)

to be a convex relation then for each relation of g&1

shallbe: (gl L(l)As
1 1

SA/————— e
1+ f(g) 1+ f(A(g)
Arepeated linear function on L, and let it be g,20 for each i=1,2,3,.......,n, as:

n .
Legg"( X i2181)
And 0zPE€R
If p>1
Then:
1 n . 1
@) <1 A—((X,_,81)NA—
Proof: Let’s take the function:
1 .
a=(al,...an) ;)ai q)(a):(Z?zl
A positive concessive r <1
1 r
XX+ (1- D) —y)=Quj=q  (Bx:+(1-K )y)" )
1, W1
>(+Qiz1 (- =)o Xy W)

o> (10 XM, ) )IEE
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= B (9+(1-0¢) p(y)
ADOI<DAD)
ATy ) —<(Iy AG)

T

. 1
convex, and if we put g=f; , r:p— (l)We shall get the reverse Inequality when

dH=( ?=1 g) P and when 0<r<1is p>1, then we shall have: €1, and fi:gip Then

And this is the QED.

Conclusion:

The researcher carried out a thorough and a deliberate study on (Jensen’s) Inequality and its complements in the
repeated linear relations, as well as he introduced a number of applications on the same, besides some
improvements that have been introduced on some

areas of the Inequality.

Lets (L) a linear that achieves the two properties (L1, L2) on the empty set (E), and let (1) a convex relation on the
non-empty interval R DI, if Ais a repeated linear relation on L, so there shall be  €Lg, so that (1) g € Lshall be
A(g) € 1, and the following Inequality shall be achieved.

From the above, we conclude that A (g) €1, and since Cb is a convex relation on the interval 1, then for each
number X from 1, there is a fix number m = (X) =m, so In complements for (Jensen's) Inequality, we can prove
the following theories, that include Inequalities from the figure A((l) (g < F (A (g), by a proper and definite
selection of the relation F

LetL a pattern that realizes the two properties (L1,L2) onthe non-empty set E, and let A a repeated linear relation
onl,and let Cl) a convex relation for the interval 1= [m,M],
( -00<m<M<®),as P (x) >0, and the equality is realized mostly at the isolated points from 1,and let’s assume

that one of the following conditions has been achieved
Shall be right for some of 77>l values in both cases (i) & (i) and € 7T (0,1) in both cases (iii), (iv), particularly, we

can calculate the value of 7T in the Inequality (2,3) in the following way
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Let BC the line that extends between the two points B(m,(l)(m), ‘ C(M,Cl)(M), which has the equation
h(x):y:(b(m)+ p (x-m), taking into consideration the set of the convex relations Tt Cl) (x), as T >0 , then we
conclude from the theories (1,2. 3) mentioned in the chapter one, that there is 0< 7T the only one that realizes the
theory conditions

As the relation Cb (x) is a concave for the interval 1, the relation (1) ’IZCl) a convex for this interval, so it realizes all
hypothesis in branch (), therefore, the Inequality (2,3) can be applied on the concave relation ¢ 1(x) to In order to
have @ “(x)>0 , we must have e “-1>0, from which sx>0, that is s>0,

From this we conclude that (1)(x) is a totally convex relation, and by using Jensen's Inequality with g = log f, we
shall
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