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Abstract: The aim of the study was to exp;ore several properties of special kind of morphisms between structured spaces
called identification mappings of structured spaces and prove some results related to them. Let (M, T,C) be a structured
space in the sense of Mostow and let f:(M,T,C) — N, where Nis arbitrary, be a function. There is a unique differential
structure on N determined by f called the final, or identification, differential structure, and the space N then called the final
structured space; this structure is  greater than every differential structure on N such that f is smooth. Methodology:
we provided mathematical proofs of several theorems related to final structured spaces. We investigate the composition of
two functions have final differential structures, the relation between the final structured space and its quotient space, and the
bijective mappings of structured spaces. Study results to the following: the composition of two identification mappings of
structured spaces is also an identification mapping of structured spaces, a structured space N is a final structured space
whenever N/R is a quotient structured space , a bijection fis an identification mapping of structured spaces if and only

if the mapping fis a diffeomorphism.

Conclusion: The study has shown some properties of final structured spaces and quotient structured spaces. Moreover, the
case when the identification mapping of structured spaces f is bijection is also investigated, it has been shown that the

notions of diffeomorphisms and identification bijections of structured spaces are related.
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1. Introduction

Structured spaces or differential spaces are a generalization of the concept of smooth manifolds M2 A
structured space in the sense of Mostow is defined to be a topological space with a sheaf of continuous real -
valued functions which are closed with respect to composition with smooth Euclidean functions [ 2.

Let (M, T, C ) be a structured space and let f : (M, 7,C) — N bea function, where N is an
arbitrary topological space. There is a unique differential structure on N determined by the function f
called the final, or identification, differential structure; this structure on N with respect tof always exists
anditis greater than every differential structure on N such that f is smooth Pl

In this paper, we will  study some properties of these final structured spaces and prove some results
related to them. Some properties of quotient structured spaces, which is a special kind of final spaces, are
also proven. The case when the map fis a bijection is studied; and we show that the notions of

diffeomorphisms and identification bijections of structured spaces are related.

2. Preliminaries

Differential structures, in the sense of Mostow, are defined as following.

Definition 2.1 et M be a topological space with a topology T.A sheaf C of real continuous
functions on M is said to be adifferential structure (or a structural sheaf) on M if it satisfies the
following condition : for any nonempty setU €1, anysectionsfl, . fn € C(U ) where n € N,
and any function @ : R™ = Rof class C®, the composition @ o ( f1, ..., fn ) belongs to
C(U ). The ordered pair (M, C ), or the triple (M, T,C ), is calleda structured space.
Definition 2.2. N2 | et (M, C ) and (N, D) be structured spaces. A continuous mapping /: M —>
N is said to be smooth providedg ch € C( h _1(U )) forevery section g € D(U ).
Definition2.3 ¥ Let Let (M,C ) and (N, D) be structured spaces. A one-to-one mapping /: M
— N is said to be a diffeomorphism of (M, C ) onto (N, D) provided both mappings A: M — N
and h "IN = M are smooth. Then (M, C) and (N,D) are said to be diffeomorphic.

T. Bulati and A. M. A Ahmed P! defined final structured space as following:

Definition2.4. Let { (M, T, Cy )} beacollection of structured spacesand { f, @ My, = N } be
a collection of functions. Let T¢ be the final topology on N with respect to{ f, }. A differential
structure D on (N, Tf ) is said to be final with respect to the functions {f, } if, for any structured
space (K,F) and function h : (N,D) - (K,F ), we have R is smooth if and only if
hof, : (M,,C,) = (K,F) is smooth for each &. In this case, (N, Tf,D), or (N,D),
is called the final structured space with respectto {f }

Let{(M,, C, )} be acollection of structured spaces in the sense of Mostow and {f,, : M, — N}

be a collection of functions. The following theorem from [3] shows that the final differential structure on
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N withrespectto {f, } always existsanditis greater than every differential structure on (N, Tf)
such thateach fy is smooth.

Theorem 2.5. ¥ Let { (M, C,, )} be a collection of structured spacesand {fy, : My — N } be a
collection of functions. Then the final differential structure D on (N, Tf) with respect to { f } exists
and is characterized by the following condition : if U € Tf, then he D(U ) if and only if
hof, eC, (fa_l(U )) for each & . We concentrate attention on the case of a single function
f : M — N, sowehavethe following definition.

Definition 2.7. ¥ Let f : (M, T’,C) - (N, T,D) be any function. We say that £ is an
identification mapping of structured spaces if f is a surjection, T = Tf, and D is the final differential
structureon N with respectto f. This differential structure on (N, ‘l,'f) is also called the identification
differential structure with respect to f and we say (N, Tf, D ) or (N, D ) is the identification
structured space with respect to £ This identification differential structure on (N, Tf ) with respect to

f is characterized as

DW)={h:U>R: hof eC(f 1))}

3. Some Properties of Identification Spaces:
In this section we prove some results related to final or identification differential structures.
Theorem 3.1. Let f1 : (M,C) o (N,D) and fz : (N,D) — Kbe surjections, where
D is the identification differential structure on N with respect to f7. Then the identification
differential structures on K with respect to f and with respectto f;, © f coincide.
Proof. First, theproofthat Tg, = Tg, o f canbefoundin [S].Now, let F; and F;5 be the final
differential structures on K withrespectto f and f, © f; respectively,andleth € F;(U ), So,
we have

h € (U)o h o f, €D(f1(U))

S(hefr)efi € CUH(UZ WU

(Since D is the final structure on N with respectto f7)

©ho (fzefi) €C((fa e i)TWU))
© h € F,WU)

(Since F, is the final structure on K withrespectto f5 © f3).

Consequently, F; = F;.

Theorem3.2. let f : (M,7,C) — (N, T',D) be a smooth surjection. If there is a smooth
mapping ) : (N, ’L",D) = (M, 1,C ) such that f o) = Iy, then f is an identification

mapping of structured spaces.

Properties of Final Structured Spaces (14 aat
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Proof. First, from [5] we have the proof that T = Tf. Let h o f € C(f_l(U )) for some h :
N = R and U € T’ since l/} is smooth, ,then(h o f) o l/) € D(l/) _1(f_1 (U ))),that
is, ho(foy)e€ D((f o l/))_l (U)).iefollows thath € D(U ),since f o P =

IN~ Therefore, f is an identification mapping of structured spaces.

4. Quotient Structured Spaces

Let (M, T, C ) beany structured space and let p S M XM be an equivalence relation in
(M, C ). Let usconsider the quotientspace (M / p,T / p) and thesheaf C / p given by
(C/p)(V) = (f: V->R: foP€CEIV)))

for V€ T/p where B,: M — M /p is the canonical projection of the point P onto its equivalent
class . The sheaf C/p is the final differential structure on (M /p, T/p) with respect to B, and
(M/p,t/p,C/p) iscalled the quotient structured space (\*).

Theorem 4.1. Let (M /p,T/p, C/p ) be a quotient structured space and let P,: M — M /p be the
projection. If f : (M,C) = (N,D) is a smooth map and if fP, " is a single-valued, then
fB ' (M/p,C/p) — (N, D) issmooth.

Proof. Since f P, " isasingle-valued then foreachX € M we have

fe0 = (F(BR,)) ()

= (B DR ()
Therefore, we have

f= (pr_l)Pp
The smoothness of the map f implies that (pr_l)Pp is smooth. Therefore, since Pp is an identification
mapping of structured spaces, then we have pr_l is smooth (from Definition 2.4).
Now, we have the following result.
Theorem4.2. Letf : (M, C) - (N,D) be a relation- preserving smooth surjection. Let R, and
R, beany relations on M, N, respectively. Then the mapping Y : (M /Ry,C /Ry) —
(N /R;, D /R;) defined by [x]R1 - [f(x)]Rz is also smooth. Furthermore, 1 is an
identification mapping of structured spaces whenever f is an identification mapping of structured
spaces.

Proof. We have the commutative diagram 3]

f

M ———>N
P, )
M/RlT)N/RZ'

Properties of Final Structured Spaces (15 aat
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where P; is defined by P;(x) = [X]Ri, [ = 1,2 Now, the proof that the mapping Y is
continuous and that the topology ‘L'/R2 is final whenever T is final can be foundin [5].

let h € (D /R;) (U)forsome U € T/Rz,then hoP, € D(Pz_l(U )). The smoothness
of the map f implies that

ho(Prof)=(hePy)eofeCF (PFIU))) = C((P ° HTHU)))
Therefore,since P, © f = 1) o P; wehave
(hoyp)oP € C((PT (™ (U).
Thus ho P € (C /Rl)(llj_l (U)) andthe mapping 1 is smooth.

Now, suppose that D is the identification differential structure on N with respect to f; then
Theorem 2.1. shows first thaty) © Py (= P, o f ) is an identification mapping of structured

spaces and then that P is also.

5. Identification Bijections of Structured Spaces

Let f: (M, T, C) - (N, T ’, D) be a identification mapping of structured spaces where f is a
bijective map. In this section,we shall show that thenotions of diffeomorphisms and identification
bijections of structured spaces are related.

First, it is important to note that a smooth bijection need not be a diffeomorphism, the following example
shows that.

Example 5.1. let (M, T, () be a structured space. Then for any differential structure D defined on (M, T)
and satisfied that D(U) CC(U) and C # D for each nonempty set U€E€ T, the identity map
Iy :MT, C)— (M T, D)isa smooth bijection, but/, is not a diffeomorphism.

Now, we have the following result which shows the relation between diffeomorphisms and identification
bijections of structured spaces.

Theorem5.2. Let f: (M, T, C) - (N, T, D) be a bijection.Thenfis an identification mapping
of structured spaces if and only if the mapping f is a diffeomorphism.

Proof. Suppose that f is an identification mapping of structured spaces, so immediately we have f is
smooth. Now we prove thatf_1 is also smooth. Obviously, T is the final topology on M with respect to
f_l (see D)) Let h € C(U ) forsome U € T, that s, (h o f_l) o f (S C(f_l(f (U )))
Since D is the identification differential structure on N with respect to f, we have ho
f_l € D(f(U )) = D((f_l)_l(U )). Hence, the mapping f_l: (N,D) - (M, C) is
smooth. Consequently, the mapping f is a diffeomorphism.

Conversely, suppose that the mapping f  is a diffeomorphism. Thus, the mappings f: M — N and
f_l :N — M are smooth. Since f © f_l = Iy, then, by Theorem 3.2, f is an identification

mapping of structured spaces.
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Theorem 5.3. Let f: (M, T, C) - (N, Tf,D) be a bijection, where D is the identification
differential structure on N with respect to f.Then the mapping f_ll (N, Tf,D) - (M, T, C)
is an identification mapping of structured spaces.

Proof. Obviously, T is the final topology on M with respect to f_l (see BM7), By Theorem 5.2, the
mapping f_l is smooth. Now, let h Of_l € D((f_l)_l(U )) =D(f(U)) forsome
h: U->Rand U € T. Since D is thefinal differential structure on NN with respect to f,

then

h=(hof™ofe c(f(FfW)))=cw)

This shows that C is the final differential structure on M with respect tof_1 .

6. Conclusion

The study has shown several properties of final structured spaces. Moreover, the case when the map fis
bijection is investigated.

Interesting future studies and more properties can be investigated. Final mapping of structured spaces might
be studied for special maps or special topological spaces. Structured subspaces might also be studied to

show in which cases these subspaces are also final.
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