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Abstract: (Ramadan & Darus, 2019, p37) recently introduced a new

class of analytic functions Q (/1,8), 8,/!6[0,1) in the complex plane £ . In this present paper we give sufficient
conditions for the functions belonging to this class, coefficient inequalities, Growth and distortion theorem and closure

theorem are obtained.
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1. Introduction

Let A denote a class of all analytic functions of the form
f(z)=z+>az" (1.1)
n=2

which are analytic in the open unit disk U = {Z ef Z|Z | <1} in the complex plane £ and
normalized by f (0) =f '(0)—1:0. We denote by S the class of all functions in A which are
univalentin U . Next, we state basic ideas on the familiar subclasses of A consisting of functions that are
starlike of order 0[(05 € [O,l)) in U , convex of ordera(a S [0,1)) in U . By definition, we have a
function belonging to A is said to be starlike ofordera(a S [0,1)) in U if it satisfies

zf ’(z)
Re| ——~ | > «, z €U
f(z)

DOI: https://doi.org/10.26389/AJSRP.A071020  (128) Available at: https://www.ajsrp.com



https://doi.org/10.26389/AJSRP.A071020
https://www.ajsrp.com/

8 2021 G = Js) 380 - (pualil) alanal) - At g &5buad) g Lympudal el Ala LAY i g o slall gy ) Al

We denote by S *(a) the subclass of A consisting of functions which are starlike of order

a(a IS [0,1)) in U . Also, a function belonging to A is said to be convex of order 0((0! IS [0,1)) in

zf "(z)

Re|l+—— |>a, z U
f'(z)

We denote by C (0() the subclass of A consisting of functions which are convex of order

0[(0! € [0,1)) inU . (see[3],[6] ).

U if it satisfies

Interesting generalization of the functions classes S*(a) and C (05) was introduced and
studied by a lot of authors, (for details, one can refer to [1], [5]).

The propose of the present paper is to study various properties for functions belonging to a new
class Q (/J, 6‘) which introduced by Salma F. Ramadan and M. Darus [4] as follows

Definition1.1: A function f given by (1.1) is said to be in the class Q (,u,g) if the following

condition is satisfied

Q(ue)=1t eA:Re[ﬂf (ZZ)EZZ(';_(;));(Z) >e,6,ue[01)  (1.2)

Itis clear that the condition (1.2) holds true if
z[1+12f "(z)]
uf (2)+z (1-p)f '(2)
In order to proof our next theorem, we have to recall the following lemma

Lemmal.2: see [2] Let W (Z ) be analytic in U and such that W (O) =0 Then if M (Z )‘

-1<1-¢.

- : _Jz|=r<1 . z,eU
attains its maximum value on circle ata p0|nt 0 ;we have

zg'(zo)=kw (z,),

where K >1 is areal number.

2. Condition for the class Q (/J, 6‘)
Theorem 21: If f €A, then the function f (Z ) belongs to the class
Q (,u,g), g U E [O,l) if the following condition is satisfied

1+7(2f"(2))  22(1-p)f "(2)+2f "(2)] 1-s
i < .
1+f"(z) ut (2)+z2(1-p)f'(z)| 2-¢
Proof: Assume f EQ (,u,e), Py E[O,l),so by the definition 1.1

z[1+12f "(z)]

uf (2)+z (1-p)f '(2)

(2.1)

-1>1-¢,
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we define the function W (Z )by
1 f 14
@) o) 2.2)
uf (z)+z (1-p)f '(2)
Then W (Z ) is analyticin U and W (O) =0.By logarithmic differentiations, we get from (2.2)

that

1+2 (zf '(z ))” 2?2(1-w)f "(z)+2f '(z)  (1-&)zw'(z)
1+f"(z)  uf (2)+z(1-p)f'(z) L+(l-ew(2)
Suppose their exist Z , €U such that
maxpw (z )| =W (z,)|=1 [z|<[z|,
then from lemma 1.2, we have
zw'(z,)=kw (z,), k=>1.

Letting W (Z 0) =e'? and substitution Z 0in (2.3), we have

(2.3)

"

1+Zo(zof '(Zo)) _Zoz(l_ﬂ)f ”(Zo)"'Z]c ,(Zo)
1+ "(z,) uf (20)+2,(1-p)f '(z,)

B i
N (1-¢)k ‘e | ‘
1+(1-¢)e"|
> 1ze
2—¢
Which contradicts our assumption (2.1). There for ’W (Z )‘ <lholds forall Z €U . Ultimately,

from (2.2) we have

z [1+zf "(z )] )

A @)z iwi @) e @<t-e

Thatis, f EQ (,u,g), EUE [O,l).Thus the proof of Theorem 2.1 completed.

Taking £ =0 and f (Z ) giving by (1.1), we have the following corollary
Corollary 2.2:If f € A given by (1.1) and satisfies

1+ (zf ’(z)) 22(1-p)f "(2)+2f
1+f "(z) yf( )+Z 1 p)f

Then f isunivalentin U .

}<_
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3. Coefficientinequality
Theorem 3.1: If f €A, then the function f(X) belongs to the class

Q (,Ll, 6‘), EUE [O,l) if the following condition is satisfied

Z[n(n—2)+,u(n—1)]|an|s(l—g). (3.1)

The resultis sharp for the functions

_ (1_5) n _
f(z)=z +n(n—2)+y(n—1)z , Nn=23..

Proof: A function f EQ (,u,f,‘), EMUE [O,l) if and only if

. z[1+2f "(z)] »
R sz )2 =) 2 )J ' (3.2

So by the definition 1.1

Z [1+ zf "(z )] B
uf (2)+z (1-p)f '(2)

Now, let us show that this condition is satisfied under the hypothesis (3.1) of the theorem, we

z[1+2f "(z)] _4
uf (2)+z (1-p)f '(z)

<l-g¢.

observe

nﬁ;‘[n(n—2)+y(n ~1)]a,z" 2[ (n=2)+u(n-1)]a,|
z +n§;[y(1—n)+n]anz“ 1+nz;‘[ﬂ (1-n)+n |

The last expression is bounded above by 1-¢if

Z[n (n=2)+ u(n-1)]a,|< (1—5){1+g[y(1—n)+n]|an|},

which is equivalent to
Y n(n-2)+u(n-1)]a,|<(1-¢).
n=2

Thus, the proof of Theorem 3.1 completed.

4. Growth and distortion theorem

Theorem 4.1: If f €A, then the function f(Z) belongs to the class
Q(m.¢), & 1€[0,1), then
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o128y <|f (z )‘£r+l_—gr2,
H H
and
1- 2(1-¢) r<|f'(z )‘£1+ 2(1-¢) r,
H H
for [z|=r <1
Proof: In view of Theorem 3.1, radially yields
- l-¢
a|<—— 4.1
2 Jan p (4.1)

Thus for |Z | =TI <1, and making use of (4.1) we have

It (z )\Sr+rzi|an|3r+1_—gr2,
n=2 /1

and

= l1-¢
f(z)zr-r>a,|zr-=—=r?
n=2 /1
Which proof the first part of the theorem. Also from the Theorem 3.1, it follows that

B3 nfal<X[n(n-2)+u(n-1)]a|<1-2,
n=2 n=2

which gives

in o< 2(1-¢)
n=2 /1

Therefore, we have

f(z) <1+ rin|an|sl+ 2(1_8)r,
n=2 /1

and

f'(z )‘21—rin|an|zl—Mr
n=2 /l

This completes the proof of Theorem 4.1.

5. Closer theorems

Let the functions fj (Z ), j =12,...1 ,bedefined by

n,] —

fj(z):z—z_;an,jz”, a . >0, zeU (5.1)

Closer theorems for the class Q (,u,g), EHUE [0,1) are given by the following theorem
Theorem 5.1: Let the function f i (Z ) defined by (5.1) be in the class Q (,u,g), P IAS [O,l)
for every j =12,...I .Then the function G (Z )defined by
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G(z):z—ipnz”, p, >0 (5.2)
is a number of the class Q (u,g),ng_,zy €[0,1), where
P, =|1'Z|:an'j (n>2).
Proof:Since T (2 ) €Q (1, ¢), gJ; €[0,1), it follows from Theorem 3.1 that
Z[n(n—Z)er(n—l)]anj <(1-¢),

forevery ] =1,2,...1 .Hence

(-2 u(n-1]|- Sn(n-2) o) F 5, |
—Z(Z[n n-2)+u(n-1)]a, jg%Z(l—g),

=1\ n=2 j=l
whichimpllesthatG ( )EQ(,U, ), 6‘,/16[0,1).
Theorem 5.2: The class Q (,Ll, 8), PRy TAS [0,1) is closed under convex combination

Proof: Suppose that the function T, (Z) (j =1,2) defined by (5.1) are in the class
Q (,u,é‘), EUE [O,l). Itis suffices to prove that the function
H(z)=yf,(z)+(1-y)f,(z) (0<y<1) (5.3)
is also in the class Q (14, ¢), €, 14 €[0,1).
Since, for 0<y <1,

H(z)=z +i{z//an,1 +(1-y)a,,}z",

n=2

we observe that

i[ n—2)+u(n-1)]va,, +(1-v)a,,

<W2[n (n=2)+x(n-1)]fa,,

n=2
+(1—V/)Z[n (n=2)+u(n-1)]a,,
n=2
<y(l-¢)+(1-w)(1l-¢)=(1-¢).
Hence H (Z ) EQ (,u,g), EUE [0,1).This completes the proof of Theorem 5.1.
References

[1] Amourah A. A. and Yousef F. (2020). "Some properties of a class of analytic functions involving a new
generalized differential operator”. Bol. Soc. Paran. Mat. 38 (6):33-42.
[2] Jack I. S. (1971). "Functions starlik and convex of order & ". /. London Math. Soc, 2(3): 469-474.

A class of analytic functions and it’s properties  (133) Ramadan



8 2021 G = Js) 380 - (pualil) alanal) - At g &5buad) g Lympudal el Ala LAY i g o slall gy ) Al

[3] Sdldgean G. S. (1983). "Subclasses of univalent functions”. /ecture Notes in Math. 1013 (Springer-
Verlag, Berlin Heidelberg New York. 292-310.

[4] Ramadam S. F. and Darus M. (2019). "new subclass of m-fold symmetric bi-univalent functions
defined by differential operator". Journal of Quality Measurement of Analysis,|QMA. 15(2): 35-45.

[5] Topkaya S. and Mustafa N. (2018). "The general subclasses of the analytic functions and their various
properties”. Asian Research Journal. 1-11.

[6] Owa, S. (1978). "On the distortion theorems". KyunRpook Math. /., 18: 53-59.

A class of analytic functions and it’s properties  (134) Ramadan



