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Abstract: In this paper we study the notion of  regular and strongly  regular rings relative to right ideal. We 

provide several characterizations of this rings and study their properties. It is shown that every ring R is  regular 

relative to any maximal right ideal of R . Also, we find necessary and sufficient conditions to be a ring R  satisfies the d.c.c. 

on chains of the form  2RaRa  relative to ideal for every Ra . New results obtained include necessary and 

sufficient conditions for a ring to be  regular, strongly  regular and P potent relative to right ideal. 
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satisfies the d.c.c. on chains.  

 لمثالي يمينيقوية الانتظام بالنسبة المنتظمة والحلقات 

 عبد الباسط الخطيب

 محمد عوده

 سوريا || البعث جامعة || كلية العلوم

 حمزة حاكمي

 سوريا || دمشق جامعة || كلية العلوم

 , مينيقوية الانتظام بالنسبة لمثالي يالمنتظمة والحلقات في هذا البحث درسنا مفهوم الحلقات : لخخ الم
ً
حيث أوردنا عددا

 أثبتنا أن كل حلقة
ً
 العديد من خصائصها. أيضا

ً
منتظمة بالنسبة لأي مثالي تكون  Rمن التوصيفات لهذه الحلقات ودرسنا أيضا

 أوجدنا الشروط اللازمة والكافRيميني أعظمي للحلقة
ً
شرط انقطاع السلاسل المتناقصة من الشكل Rية كي تحقق الحلقة. وأيضا

 2RaRa بالنسبة لمثالي وذلك لأجل كلRa  وقد حصلنا على نتائج جديدة من ضمنها الشروط اللازمة والكافية لأجل

 جامدة بالنسبة لمثالي يميني.Pقوية الانتظام و, منتظمةالحلقة كي تكون 

قوية الانتظام, الحلقات الجامدة وشبه الجامدة, العادم, انقطاع المنتظمة, الحلقاتالحلقات المنتظمة و: الكلمات المفتاحية

 لمتناقصة.السلاسل ا
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1- Introduction. 

The notion of rings relative to right ideal, was first introduced by V. A. Andrunakievich and Yu. M. 

Ryabukhin in 1987 [2]. They studied the concepts of quasi- regularity and primitivity of rings relative to 

right ideal. Later, V. A. Andrunakievich and A. V. Andrunakievich in 1991 [1], studied the concept of 

regularity of rings relative to right ideal as generalization of (Von Neumann) regular ring (also known as 

P regular rings). A number of interesting papers have been published on this concept in recent years, 

e.g., [1], [2], [3], [5]. A ring R  is called regular relative to right ideal RP  , if for every Ra  there exists 

Rb  such that Paaba   and PabP  [2]. In [2] it is proved that any ring R is regular relative to 

any maximal right ideal of R , [2, Corollary 2]. Also, it is proved that a ring R  is regular relative to right 

ideal RP  if and only if for every Ra , PeRPaR  where Re  is idempotent relative to P . 

In 2011, P. Dheena and S. Manivasan [3] studied quasi- ideals of a P regular near- rings. In [5], H. 

Hakmi continue study P regular and P potent rings. In this paper, we study the notion of  regular 

and strongly  regular rings relative to right ideal. In section 2, we provide some characterizations of 

 regular rings relative to right ideal and investigate its properties. We prove that a ring R is 

regular relative to right ideal RP   if and only if for every Ra  there is a positive integer n  such that

PeRPRan   for some P idempotent Re . We show that every ring R  is  regular 

relative to any maximal right ideal of R . Also, we prove that the Jacobson radical of  regular ring 

relative to right ideal RP   is P nil. In section 3, we study the rings R  that satisfy the d.c.c. on chains 

of the form 

  PRaPRaPaR 32
 

  RPRaRPRaRPaR 32
 

where RP   is a right ideal of R . We prove that the chain 

  RPRaRPRaRPaR 32
 

is stationary if and only if the chain  

  RPRaRPRaRPRa 32
is 

stationary. Also, we provide some characterizations of strongly  regular rings relative to ideal 

and investigate its properties. In section 4, we study the rings P potent rings relative to right ideal. In this 

section, we provide some characterizations of P potent rings relative to right ideal and investigate its 

properties. 

Throughout in this paper rings R , are associative with identity unless otherwise indicated. We 

denote the Jacobson radical of a ring R  by )(RJ . We also denote }0;:{)(  axRxxar  the 

right annihilator for every Ra . 
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2.   Regular Rings Relative to Right Ideal. 

Recall that a ring R  is  regular [7], if for every Ra there exists Rb  such that 
nnn baaa   for some positive integer n . Let R  be a ring and RP   be a right ideal of R , we say that 

a ring R  is  regular relative to right ideal P  if for every Ra  there exists Rb  such that 

Pbaaa nnn   and PbPan  . Recall that an element Re  is P idempotent [1], if 

Pee 2 and PeP . Note that for 0P  the concept,  regular ring relative to right ideal P  

and the concept  regular ring are corresponding. 

Theorem 2.1. Let R  be a ring and RP   be a right ideal of R . Then the following statements 

are equivalent:  

1. A ring R  is  regular relative to right ideal P . 

2. For every Ra  there exists Rb  and P idempotent Re  such that  

PeRPRan   

for some positive integer n . 

3. For every Ra  there exists Rb  such that PPRbaPRa nn  ))1(()(  for some 

positive integer n . 

Proof. )2()1(  . Let Ra , then Pbaaa nnn   and PbPan  for some Rb  and 

positive integer n . Let bae n , then Re  is P idempotent and  

PRaPbRaPeR nn   

On the other hand, since Pbaaa nnn  , 0pbaaa nnn   where Pp 0  and 

PeRPPRbRaPPpRbaaPRa nnnn  0  

)1()2(  . Let Ra , then by assumption there exists P idempotent Re  such that 

PeRPRan  for some positive integer n . So 1pexan  for some Rx , Pp 1 and 

2pbae n   for some Rb , Pp 2 . Since Re  is P idempotent, Pee 2  and PeP . 

Suppose that 3
2 pee   where Pp 3 , then 

131
2 )( epxpeepxeean   

132)( epxpexapba nn   
nnnn apepxppabaa 2131   

PPRPapxpeppabaa nnnn  )()( 2311  

On the other hand, since 2peban  , for every Pt  

PPRPtpettpebtan  22)(  

so PbPan  . 
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)2()1(  . Let Ra , then Pbaaa nnn   and PbPan   for some Rb  and positive 

integer n . Since PbPan  , by [5, Lemma 2.1] 

PPRbaaaPRbaPRa nnnnn  )())1(()(  

)1()2(  . Let Ra , then by assumption there is Rb  such that 

PPRbaPRa nn  ))1(()(  

for some positive integer n . Since 

PRaRaRbaaRbaaa nnnnnnn  )1()(  

PRbaRbaRabaRbaaa nnnnnnn  )1()1()1()(  

implies that PRbaaa nnn  )( , so Pbaaa nnn  . Suppose that 0pbaaa nnn   

where Pp 0 , then bpbbaaba nnn
0  , so for every Pt  

PRabtpbtbaabta nnnn  0  

On the other hand, since )1(1 baba nn  ,  

tbabtat nn )1(  , so PRbatbatbta nnn  )1()1(  

by assumption implies that 

PPRbaPRabta nnn  ))1(()(  

 so PbPan  . Thus our proof is completed. 
 

Note that in Theorem 2.1 and for 0P  we derive the following:  
 

Corollary 2.2. For any ring R  the following statements are equivalent:  

1- A ring R  is  regular. 

2- For every Ra  there exists idempotent Re  such that eRRan  for some positive integer 

n . 

3- For every Ra there exists Rb  such that 0)1(  RbaRa nn for some positive integer 

n . 

Lemma 2.3. Any ring R  is  regular relative to every maximal right ideal of R . 

Proof. Let M be a maximal right ideal of R  and Ra . If Ma , then for every positive 

integer n , MMRaaa nn  1  so for every Rb ,  

MMRMbaaa nnn   

and MMRbMan  . Let Ma , assume that n  is a smallest positive integer with

Man  , then MRaR n   and so mxan 1  for some Rx , Mm  and for every Ry , 

myxyay n   so MMRmyyxyan  . Then for nay  , Mxaaa nnn  and for every

Mt , MMRMmtttmxtan  )1( . This shows that MxMan  . Thus our proof is 

completed. 
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Theorem 2.4. Let R  be a ring, RP   be a right ideal of R  and Q  be a maximal right ideal of R

. If R  is  regular relative to right ideal P , then R  is  regular relative to right ideal PQ . 

Proof. Suppose that R  is  regular relative to right ideal P . Let Ra , then there exists 

Rb  and positive integer n  such that Pbaaa nnn  , PbPan  . Now we have two states:  

1- Qbaaa nnn   .  

2- Qbaaa nnn  . 

State (1). Suppose that Qbaaa nnn  , since Q  is maximal, QRbaaaR nnn  )( so

qxbaaa nnn  )(1  for some Qq  and for every Ru  

)1()( QQRquuxuabaa nnn   

so for nnn abaau   implies that  

Qabaaabaaxabaa nnnnnnnnn  )()()(  

Since Pabaa nnn   follows 

QPabaaabaaxabaa nnnnnnnnn  )()()(  

QPabaabaaaxabaa nnnnnnnnn  )()()(  

QPabaabaaaxaxbaa nnnnnnnnn  )())((  

QPaabbxaxbxabaxbaa nnnnnnn  )(  

Let bbxaxbxabaxbaz nnnn  , then QPazaa nnn  . Now we prove that

QPQPzan  )( . For every QPt   we have 

 tbbxaxbxabaxbaazta nnnnnn )(  

 btabtxaaxabaaxtabaa nnnnnnnnn )()(  

tbtatbtatxabaa nnnnn  )()()(  

Since Pabaa nnn  , PPRbttaxabaa nnnn  )()(  and  

PbPaPQbabta nnn  )(  

which implies that Pztan  . In addition to, by (1) and for Rbtatu n   implies that 

QQQtbtatbtatxabaazta nnnnnn  )()()(  

So QPztan  , thus QPQPzan  )( . This shows that R  is  regular relative to 

right ideal QP . 

State (2). Suppose that Qbaaa nnn  , since Pbaaa nnn  , QPbaaa nnn  . If 

QbPan  , then QPbPan   and so 

QPbPaQPba nn  )(  

This shows that R  is  regular relative to right ideal QP . 

Suppose that QbPan  , then QbPaa nn  , hence if QbPaa nn   implies that 

QQRbPbPaabPbPaa nnnn  )(   
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So QbPan 2)( . Since the right ideal Q  is maximal, Q is prime which implies that

QbPan   a contradiction. Thus, there exists Pp 0  such that Qabpa nn 0 , since

QPabaa nnn   and PbPan   follows that 

PPRPabpaabaa nnnnn  0  

PPRPPbpabPa nn  0  

Qabpaabaa nnnnn  0  

This shows that Paabpba nnn  )( 0 , PPbpban  )( 0  and 

Qaabpba nnn  )( 0  

Let Rbpbz  00 , then we have Paaza nnn 0 , PPzan 0  and  
Qaaza nnn 0  

by state (1) implies that R  is  regular relative to right ideal QP . 
 

Theorem 2.5. Every ring R  is  regular relative to the intersection of finite number of maximal 

right ideals of R . 

Proof. Follows immediately from Lemma 2.3 and Theorem 2.4. 
 

Let R  be a ring and RP   be a right ideal of R . We say that an element Ra is P nilpotent 

if Pan   for some positive integer n . Also, we say that a subset A  of a ring R  is P nil if every 

element of A  is P nilpotent. 
 

Lemma 2.6. Let R  be a ring and RP   be a right ideal of R . If R  is  regular relative to right 

ideal P , then )(RJ  is P nil. 

Proof. Let )(RJa , then Pbaaa nnn   and PbPan   for some Rb  and positive 

integer n . Then 0pbaaa nnn   where Pp 0 . So 0)1( pbaa nn  , since )(RJa , 
nba1  is invertible, i.e., PPRxpan  0  for some Rx . 

 

Lemma 2.7. [5, Lemma 2.3]. Let R  be a ring and RP   be a right ideal of R . Then the 

following statements hold:  

1- For every Ra  the set };:{)( PaxRxxarP   is a right ideal of R . 

2- PrP )1( . 

3- For every Ra , PaP  if and only if )(arP P . 

4- For every Ra , RarP )(  if and only if Pa . 

Theorem 2.8. Let R  be a ring and RP   be a right ideal of R . Then the following statements 

are equivalent:  

1- A ring R  is  regular relative to right ideal P . 
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2- For every Ra  there exists Rb  such that )1( barPRa n
P

n   for some positive 

integer n . 

Proof. )2()1(  . Let Ra , then Pbaaa nnn   and PbPan   for some Rb  and 

positive integer n . Since Pbaaaaba nnnnn  )1( , )1( bara n
P

n  , this shows that 

)1( barRa n
P

n  . On the other hand, since for every Pt ,  

PbPaPbtattba nnn  )1(  

PPban  )1( , so )1( barPRa n
P

n  . 

Let )1( barx n
P  , then Pxban  )1( , so PRapbxax nn  0  where Pp 0 . 

Thus PRabar nn
P  )1( . 

)1()2(  . Let Ra , then by assumption there exists Rb  such that  

)1( barPRa n
P

n   

for some positive integer n . Since )1( bara n
P

n  , Pbaaa nnn  .  

Let )1( barPt n
P  , then 1)1( ptban   where Pp 1 . So Pptbtan  1  and so 

PbPan  . Thus our proof is completed. 
 

Note that in Theorem 2.8 and for 0P  we derive the following:  
 

Corollary 2.9. For any ring R  the following statements are equivalent:  

1 – A ring R  is  regular. 

2 – For every Ra  there exists Rb  such that )1( barRa nn   for some positive integer 

n . 

3 . Strongly  Regular Rings. 

Let R  be a ring and RP   be a right ideal of R . For every Ra  we define the following 

chains of the form:  

(1) Descending chain of principal right ideals:  

)1.3(32  RaRaaR  

(2) Descending chain of principal left ideals:  

)2.3(32  RaRaRa  

(3) Descending chain of right ideals:  

)3.3(32  PRaPRaPaR  

(4) Descending chain of right ideals:  

)4.3(32  RPRaRPRaRPaR  

(5) Descending chain of left ideals:  

)5.3(32  RPRaRPRaRPRa  
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(6) Ascending chain of right ideals:  

)6.3()()()( 32  ararar  

(7) Ascending chain of left ideals:  

)7.3()()()( 32   aaa  

It is known that the chain (3.1) is stationary for every Ra  if and only if the chain (3.2) is 

stationary for every Ra , [4, Theorem 3.16]. A ring R  satisfy the d.c.c. on chain (3.1) for every Ra  

are often called a strongly  regular ring. It is clear that if for some Ra  the chain (3.1) is stationary, 

then the chain (3.7) is stationary. Also, if for some Ra  the chain (3.2) is stationary, then the chain (3.6) 

is stationary. It is easy to see that, if for some Ra  the chain (3.1) is stationary, then the chains (3.3) and 

(3.4) are stationary. Also, if for some Ra  the chain (3.2) is stationary, then the chain (3.5) is stationary. 
 

Lemma 3.1. Let R  be a ring and Ra . Then the following are equivalent:  

1- The chain (3.1) is stationary. 

2- )( naraRR  for some positive integer n . 

3- )( nn arRaR  for some positive integer n . 

Proof. )2()1(  . Assume that the chain (3.1) is stationary. Then RaRa nn 1 for some 

positive integer n . So xaa nn 1  for some Rx  and 0)1( axan , this shows that )(1 narax  

and so )( nn arRaR  . 

)1()2(  . Suppose that )( naraRR   for some positive integer n . Then yax 1  for 

some Rx  and )( nary , so 

Raxayaxaa nnnnn 111    

this shows that RaRa nn 1 . Thus, the chain (3.1) is stationary. 

)2()1(  .Assume that the chain (3.1) is stationary. Then RaRaRa nnn 21    for some 

positive integer n . So xaa nn 2  for some Rx  and 0)1(  xaa nn , this shows that 

)(1 nn arxa   and so )( nn arRaR  . )2()3(  . Is obvious. 
 

Theorem 3.2. Let R  be a ring. Then the following statements are equivalent:  

1 – The ring R  is strongly  regular. 

2 – For every Ra  there exists a positive integer n  such that )( naraRR  . 

2  – For every Ra  there exists a positive integer m  such that )( maRaR  . 

3 – For every Ra  there exists a positive integer n  such that )( nn arRaR  . 

3  – For every Ra  there exists a positive integer m  such that )( mm aRaR  . 

Proof. )2()1(  .By Lemma 3.1. )3()1(  . Let Ra , then the chain (3.1) is stationary, so

RaRaRa nnn 21    for some positive integer n , by Lemma 3.1 )( nn arRaR  . Assume that 

0)(  nn arRa , then there exists Rx , 0x  such that 0xan  and yax n  for some 
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Ry0 . Since 02  xaya nn , )()( 2nn arar  , this shows that the chain 

  )()()()( 32 knnnn arararar  is not stationary, so the descending chain of left ideal 

 nn RaRaRa 32  is not stationary, a contradiction of  regularity of R . )2()3(  . Is 

obvious. 
 

Lemma 3.3. Let R  be a ring, RP   be a right ideal of R  and Ra . If RPan   for some 

positive integer n , then the chains (3.4) and (3.5) are stationary. 

Proof. Assume that RPan   for some positive integer n . Since RP  is ideal of R , 

RPRPRan   and so RPRPRaRPRaRP nn  1 . This shows that the chain (3.4) is 

stationary. Similarly we can proof that the chain (3.5) is stationary. 

Lemma 3.4. Let R  be a ring, RP   be a right ideal of R  and Ra . If Pan   for some 

positive integer n , then the chains (3.3), (3.4) and (3.5) are stationary. 

Proof. Assume that Pan   for some positive integer n . Then PPRan   and  

PPRaPRaP nn  1  

This shows that the chain (3.3) is stationary. Since RPPan  , so by Lemma 3.3 the chains 

(3.4) and (3.5) are stationary. 
 

Lemma 3.5. Let R  be a ring, RP   be a right ideal of R  and Ra . Then the following 

statements are equivalent:  

1 – The chain (3.3) is stationary. 

2 – )( naraRR   for some positive integer n . 

3 – )( n
P

n arRaR   for some positive integer n . 

Proof. )2()1(  . Assume that the chain (3.3) is stationary. Then PRaPRa nn  1  for 

some positive integer n . So 0
1 pxaa nn    for some Rx  and Pp 0 . Thus Ppaxan  0)1( , 

this shows that )()1( n
P arax   and so )( n

P araRR  .  

)1()2(  .Suppose that )( n
P araRR  for some positive integer n . Then yax 1  for 

some Rx  and )( n
P ary , since Pyan  , PRayaxaa nnnn   11 . This shows that 

PRaPRa nn  1 . Thus, the chain (3.3) is stationary. 

)3()1(  . Assume that the chain (3.3) is stationary. Then  

PRaPRaPRa nnn   21  

for some positive integer n . So 0
2 pxaa nn   for some Rx , Pp 0  and

Ppxaa nn  0)1( , this shows that )(1 n
P

n arxa   and so )( n
P

n arRaR  . 

)2()3(  . Is obvious. 
 

Note that in Lemma 3.5 and for 0P  we derive Lemma 3.1. 
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Theorem 3.6. Let R  be a ring and RP   be a right ideal of R . Then the following statements 

are equivalent:  

1 – The chain (3.4) is stationary for every Ra . 

2 – The chain (3.5) is stationary for every Ra . 

Proof. Let Ra , then by assumption there is a positive integer n  such that 

)1(RPRaRPRa kn   

for every integer nk  . If RPat   for some positive integer t , then by Lemma 3.3 the chain 

(3.5) is stationary. Suppose that RPat   for every positive integer t . By (1) there are Rx , RPp 0  

such that 0
1 pxaa nn    and RPx , hence if RPx , then RPRRPpxaa nn  

0
1  a 

contradiction. Also, it is easy to see that RPxt   and RPxa tn   for every positive integer t . By 

assumption the chain 

 RPRxRPRxRPxR 32  

is stationary, so there is a positive integer m  such that RPRxRPRx km   for every 

integer mk  . So 1
1 pyxx mm    where Ry , RPp 1  and RPy  , hence if RPy , then 

RPRRPpyxx mm  
1

1 a contradiction. Let mna  , mnx  and mny  , then 

p  2 for some RPp  , hence 

 
0

1
0

1 )( paxaapxaaaaa mnmnmnmmn  
  00

122
00

11 )( paxpaxaapaxpxaa mmnmmnm
 

ttmmn
t

mnmn xpaxa 0
1)(

0
)(2 


   

Let RPxpap ttmmn
t  
 0

1)(
0 , then p  2 . Similarly we obtain p   2

where RPypxp ttmmn
t  
 1

1)(
0 . 

)2(,, 22 pp    

Also, by (2) found 

  pp 222 )(  

  pppp 222 )(  

 ppp  2  

for RPpppp   2
2  implies that 

)3(2p  

In addition to, by (2) and (3)  

)4()(, 33
2 pp    

where RPppp   23 . So by (2) and (4) 

 22222222 )(   

 3
2222 )()()( p  

43
2 )())(( ppp    
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where RPppp  3
2

4 )(  . i.e.,  

)5()()( 4
22 p   

Thus by (5) 

)6(2,)()( 5  spss   

where RPpp s  



  )(4

2
05 . On the other hand, by (2) and (3) 

 22
2

22 )(  p  

 2
2 )()( p  

 2
22 ])([)( pp   

2
2 )()( pp    

for RPppp  26   implies 

)7()()( 6
222 p   

Since R , then by assumption the chain  

 RPRRPR 2)()(   

is stationary. So there is a positive integer t such that 

pztt  1)()(   

for some Rz , RPp  . So by (6) 

 6
222 )()( p  

 
655

111 )()( ppptttt   

 
655

1 )( ppptt   

for RPpppp  6557   implies that  

7
122 )( ptt     

)8()( 8
1122 pztt     

where RPppp t  
7

1
8   and so 

8
1122 ]))[(( pzpztt   

)9()( 9
22122 pztt     

where RPpzpp t  
8

1
9 )(  . By (6) implies that 

 
9

21122 )]()([ pztt   

9
2

5 )]()([ pzp    

)10())(( 10
222 pz    

where RPpzpp  9
2

510 )(  . By (3) found 

10
2

2
22 ))(( pzp    

11
222 ))(( pz    

where RPpzpp  10
2

211 )(  , and by (4) implies that 

 11
2222 )()( pzz   
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RPpzpzp  11
2

3
2

3   

)11(12
22 p   

where RPpzpzpp  11
2

3
2

312  . Since mna   follows that  

12
)(22 paa mnmn     

and for mn   found 

RPRapaaa   1
12

112 )(    

This shows that the chain (3.5) is stationary for every Ra . 

)1()2(   The proof is analogous to the proof of )2()1(  . 
 

Let R  be a ring and RP   be a right ideal of R . It is easy to see that for every Ra :  

- The set };:{)( RPaxRxxarRP   is a right ideal of R . 

- The set };:{)( RPxaRxxaRP   is a left ideal of R . 
 

We say that a ring R  is strongly  regular relative to ideal RP  if the chain (3.4) is stationary 

for every Ra . 
 

Theorem 3.7. Let R  be a ring and RP   be a right ideal of R . Then the following statements 

are equivalent:  

1 – A ring R  is strongly regular relative to ideal RP . 

2 – For every Ra  the chain (3.4) is stationary. 

3 – For every Ra  the chain (3.5) is stationary. 

4 – For every Ra  there is Rb  such that zbaa nn  1  for some positive integer n  and 

RPz . 

5 – For every Ra  there is Rc  such that ycaa mm  1 for some positive integer m  and 

RPy . 

6 – For every Ra  there is a positive integer n  such that )( n
RP

n arRaR  . 

7 – For every Ra there is a positive integer n  such that )( n
RP araRR  . 

8 – For every Ra  there is a positive integer m  such that )( m
RP

m aRaR  . 

9 – For every Ra  there is a positive integer m  such that )( m
RP aRaR  . 

10 – For every Ra  there is a positive integer t  such that 

)()( RPRaRPRaa ktktt    

for all positive integer k . 

Proof. )2()1(  . By definition. )3()2(  . By theorem 3.6. )4()2(   and )5()3(  are 

directly verified. )6()4(  . Let Ra , then there is Rb  such that zbaa nn  1  

for some positive integer n  and RPz , so  

0
222 pbaazbbaa nnnn     
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where RPzbap ttn
t  


1
00 , thus RPpbaa nnn  0)1(  this shows that 

)(1 n
RP

nn arba   

thus )( n
RP

n arRaR  . )7()6(  . Is obvious.  

)4()7(  . Let Ra , then )( n
RP araRR  for some positive integer n . So yax1  

for some Rx  and )( n
RP ary , thus yaxaa nnn  1 and RPyan  .  

)5()9()8()5(  .The proof is analogous to the proof of )4()7()6()4(  . 

)4()10(  and )5()10(   are obvious. )10())5()4((  . Let Ra . By (4) and (5) 

there are positive integers n  and m  such that 0
1 pbaa nn    and 1

1 pcaa mm    where 

Rcb ,  and RPpp 10, . Then 0
1 pabaa mmnmn  

 where RPpam 0 and 
nmnmn apcaa 1

1    where RPap n 1 .  

So RPRaa kmnmn    and RPRaa kmnmn    for every positive integer k . For 

mnt   implies that )()( RPRaRPRaa ktktt   . 
 

Corollary 3.8. Let R  be a ring and RP   be a right ideal of R . If for every Ra  the chain 

(3.3) is stationary, then for every Ra  the chains (3.4) and (3.5) are stationary. 
 

4. P Potent Rings. 
 

Recall that a ring R  is an 0I ring [6], if every principal left (right) ideal of R  not contained in

)(RJ contains a nonzero idempotent. We say that a ring R  is a P potent ring or 0I ring relative to a 

right ideal RP   of R , if for any Ra  there exists Rb  such that Pbbab   and PbaP . In 

the following we provide characterization of this rings in terms of principal left ideals:  
 

Theorem 4.1. Let R  be a ring and RP   be a right ideal of R . Then the following statements 

are equivalent:  

1 – A ring R  is P potent. 

2 – Every left ideal of R  contains a P idempotent element. 

3 – For every Ra , Ra  contains a P idempotent element. 

Proof. )2()1(  . Let A  be a left ideal of R  and Aa , by assumption there exists Rx  such 

that Pxxax   and PxaP  . Let we define xae  , then  

PPRaxxaxxaxaxaee  )(2  

and PxaPeP  , so e  is P idempotent and ARAxae  . )3()2(  . Is obvious. 

)1()3(  .Let Ra , by assumption there exists P idempotent Re such that Rae . 

Then Pee 2 , PeP   and xae   for some Rx , so 0
2 pee   where Pp 0 . Let we define 

xaxb  , then 

 expxeexpeexexaxaxaxbab 0
2

0
2 )()()(  
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110000 )( pbpxaxexpxpexexpxpe   

where PPRexpxpp  001 . Thus Ppbbab  1  and 

PePePexaxaPbaP  )(  

this shows that R  is a P potent ring. 
 

In the following we prove a new characterization of the P potent ring in terms of P

annihilator:  

Theorem 4.2. Let R  be a ring and RP   be a right ideal of R . Then the following statements 

are equivalent:  

1- A ring R  is P potent. 

2- For every Ra  there exists Rb  such that )1( barPbR P  . 

3- For every Ra  there exists Rb  such that PeRPRba  )1(  for some P

idempotent Re . 

Proof. )2()1(  . Let Ra , then Pbbab   and PbaP   for some Rb . So 

Pbba  )1( , thus )1( barb P   and hence )1( barP   is a right ideal in R , )1( barbR P  . Also, 

for any Pt , PbaPPbatttba  )1( , so )1( bart P   i.e. )1( barP P  , thus 

)1( barPbR P  . On the other hand, let )1( bary P  , then Pyba  )1( , so

PbRpbayy  0  for some Pp 0 , therefore PbRbarP  )1( . This proves (2). 
)3()2(  . Since )1( barbRb P  , Pbabb  . Also, since for any )1( bart P  , 

Ptba  )1(  so Ptbatt  0  and Pttbat  0 , i.e. PbaP  . Let Rbae  , then e  is 

P idempotent and PRePRba  )1()1(  where Re1  is P idempotent. 

)1()3(  . Let Ra , by assumption there exists Rb  such that PeRPRba  )1(  for 

some P idempotent Re . Then Pee 2 , PeP  so 0
2 pee  for some Pp 0 . Since 

PeRba 1 ,  

)1(1 1pexba   

for some Pp 1  and so 

10101
2 )()1( epxpexepxpeepxebae   

by (1) we have 

2101 1)1()1( pbaepxppbabae   

where PePPRPepxppp  1012 . Thus 2)1( peebaba   and so 

)2()1()1( 2pebae   

)1()1()1()1( 2
2 epeebae   

since e1  is P idempotent, Pee  )1()1( 2
 and PPe  )1( , so  

3
2 )1()1( pee   

and so  
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423 )1()1()1()1()1( pbebepbpbebebae   

where PPRPRbepbpp  )1(234 . Let we define Rbed  )1( , then 

Ppddad  4  and by (2) we have 

PPpPePpebaPedaP  22 )1())1(()1(  

This shows that R  is P potent. 

References 

[1] – Andrunakievich A. V and Andrunakievich V. A. " Rings that are Regular Relative to a Right Ideal ", 

Mat. Zametki, 1991, Volume 49, Issue 3, 3 – 11. 

[2] – Andrunakievich V. A and Ryabukhin Yu. M. " Quasi- Regularity and Primitivity Relative to Right 

Ideals of a Ring ", Mat. Sb. (N.S.), 134(176): 4(2) (1987), 451 – 471: Math. USSR- Sb., 62: 2 (1989), 445- 

464. 

[3] – Deena P. and Manivasan S. " Quasiideal of a P- Regular Near Rings ", International Journal of 

Algebra, Vol. 5, 2011, no 20, 1005 – 1010. 

 [4] – Facchini A., " Module Theory, Endomorphism Rings and Direct Sum Decompositions in Some 

Classes of Modules ", Springer Basel AG 1998. 

[5] – Hamza H., " On Some Characterizations of Regular and Potent Rings Relative to Right Ideal ", Novi 

Sad J. Math. Vol. 48, No. 1, (2018), p. 1 – 7. 

[6] – Nicholson W.K., " I Rings ", Trans. Amer. Math. Soc. 207, (1975), 361–373. 

[7] – Tuganbaev A. A., " Semi- regular, Weakly Regular, and   Regular Rings ", J. Math, Sci. (2002), 109, 

No: 3, p. 1509 – 1588. 

 

 

 

 


