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Abstract: In this paper we study the notion of 77 —regular and strongly 77 —regular rings relative to right ideal. We
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relative to any maximal right ideal of R . Also, we find necessary and sufficient conditions to be a ring R satisfies the d.c.c.
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1- Introduction.

The notion of rings relative to right ideal, was first introduced by V. A. Andrunakievich and Yu. M.
Ryabukhin in 1987 [2]. They studied the concepts of quasi- regularity and primitivity of rings relative to
right ideal. Later, V. A. Andrunakievich and A. V. Andrunakievich in 1991 [1], studied the concept of
regularity of rings relative to right ideal as generalization of (Von Neumann) regular ring (also known as
P —regular rings). A number of interesting papers have been published on this concept in recent years,
e.g., [1],[2],[3], [5]. Aring R is called regular relative to rightideal P # R, if forevery a € R there exists
b € R suchthat aba—a e P and abP < P[2]. In [2] itis proved that any ring R is regular relative to
any maximal right ideal of R,[2 Corollary 2]. Also, it is proved that a ring R is regular relative to right
ideal P # Rif and only if forevery a € R, aR+ P =¢€R + Pwhere e € R is idempotent relative to P .
In 2011, P. Dheena and S. Manivasan [3] studied quasi- ideals of a P —regular near- rings. In [5], H.
Hakmi continue study P —regular and P —potent rings. In this paper, we study the notion of 77 —regular
and strongly 77 —regular rings relative to right ideal. In section 2, we provide some characterizations of
7t —regular rings relative to right ideal and investigate its properties. We prove that a ring Ris 7 —

regular relative to right ideal P#R ifand only if for every @ € R there is a positive integer N such that

a"R+P =eR+P for some P—idempotent e e R. We show that every ring R is 7T —regular
relative to any maximal right ideal of R. Also, we prove that the Jacobson radical of 77 —regular ring
relative to right ideal P#R is P—nil. In section 3, we study the rings R that satisfy the d.c.c. on chains

of the form

aR+Poa’R+Poa’R+P2oA DA
aR+RP>a’R+RP5a’R+RP DA DA
where P # R is arightideal of R . We prove that the chain

aR+RP 5a’R+RP5a’R+RPSA DA

is stationary if and only if the chain
Ra+RP oRa’ +RP o Ra®+RP oA DA s

stationary. Also, we provide some characterizations of strongly 77 —regular rings relative to ideal
and investigate its properties. In section 4, we study the rings P— potent rings relative to right ideal. In this
section, we provide some characterizations of P — potent rings relative to right ideal and investigate its
properties.

Throughout in this paper rings R, are associative with identity unless otherwise indicated. We
denote the Jacobson radical of a ring R by J(R). We also denote I'(a) ={X:X € R;ax=0} the

right annihilator forevery a € R.
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2. 7 — Regular Rings Relative to Right Ideal.

Recall that a ring R is 7 —regular [7], if for every ae Rthere exists beR such that

a" =a"ba" forsome positive integer . Let R bearingand P # R be arightideal of R, we say that
a ring R is 7T —regular relative to right ideal P if for every a € R there exists beR such that
a"—a"ba" eP and a”ng P. Recall that an element €€ R is P —idempotent [1], if

62 —e e Pand eP < P. Note that for P =0 the concept, 77 —regular ring relative to right ideal P

and the concept 77 —regular ring are corresponding.

Theorem 2.1. Let R be aringand P #R be aright ideal of R. Then the following statements

are equivalent:
1. Aring Ris 7— regular relative to right ideal P.

5 Forevery a e R there exists D € R and P —idempotent € € R such that

a"R+P=eR+P

for some positive integer .
3. Forevery aeR there exists D € R such that (a”R +P) m((l—a“b)R +P) =P for some
positive integer .

Proof. (1) = (2).Let a€R, then @" —a"ba" € P and a"bP < P for some b € R and

positive integer . Let € = anb,then e e R is P—idempotentand
eR+P=a"bR+Pca"R+P
On the other hand, since @" —a"ba" e P, a" =a"ba" + Po where pg € P and
a"R+Pca"ba"R+ pyP+Pca"oR+PR+PceR+P

(2)= (). Let aeR, then by assumption there exists P —idempotent € € R such that

a"R+P =eR+ Pfor some positive integer N. So a" =ex+ pyfor someXxeR, p, € P and

e=a"b+ P, forsome beR, p, € P.Since € € R is P —idempotent, 62 —eePandePcP.

Suppose that e?=e+ P3 where p3 € P, then
ea" =e’x+ep, = (e + psx) +ep,
(@"b+ py)a™ =ex+ pgx+ep,
a"ba" =a" — p; + pgx+ep, — p,a"
a"ba" —a" =(-p, +ep)) +(pgx—p,a")eP+PRcP
On the other hand, since 8"b =€ — p,, forevery t € P

a"bt=(e—-py)t=et—p,teP+PRcCP

wabPcP
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()= (2).Let ac R, then a" —a"ba" € P and a"bP < P forsome b € R and positive
integer N. Since a"bPc P, by [5, Lemma 2.1]

@"R+P)n(1l-a"b)R+P)=(a" -a"ba")R+P=P

(2) = (1) . Let a € R, then by assumption thereis b € R such that

@"R+P)n(1-a"b)R+P)=P

for some positive integer . Since

(@"-a"pa")R=a"(1-ba")Rca"Rca"R+P

(@"-a"pa")R=(@1-a"b)a"Rc(1-a"b)Rc(@1-a"b)R+P

implies that (a” —a”ba”)R cP,s0oa" —a"ba" e P . Suppose that a" =a"ba" + Po

where pg € P, then a"b=a"ba"b+ Pob ,soforevery t € P

a"bt =a"ba"bt+ pybtea"R+P

On the other hand, since 1=a"b + Q- a“b) ,

t=a"bt+(1—a"b)t,so a"bt=t—(1-a"b)te(1-a"b)R+P

by assumption implies that

a"bte(@"R+P)n(1-a"b)R+P)=P

so a"bP < P . Thus our proof is completed.
Note thatin Theorem 2.1 and for P =0 we derive the following:

Corollary 2.2. For any ring R the following statements are equivalent:

1- Aring R is 7 —regular.

2- For every a € R there exists idempotent € € R such that a"R = eR for some positive integer
n.

3- For everya € Rthere exists D € R such that a"RM Q- a“b)R = O for some positive integer
n.

Lemma 2.3. Any ring Ris7t— regular relative to every maximal right ideal of R.
Proof. Let M be a maximal right ideal of R and aeR.If ae M, then for every positive

integer N, 8" =aa" "t

€ MRcC M soforeverybeR,

a"-a"a"eM +MRc M

and a"bM CMRcCM . Let agM, assume that N is a smallest positive integer with
a"e¢M, thenR=a"R+M and so 1=a"x+m for some Xe R, meM and for every YR,
y=a"xy+my so a"xy—y=-mye MRc M . Then for y=a", a" —a"xa" € M and for every

teM, a"xt=-m)t=t—-mteM + MR c M. This shows that a"XM < M . Thus our proof is

completed.
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Theorem 2.4. Let R bearing, P # R be arightideal of R and Q be a maximal right ideal of R
.If R is 7 —regular relative to rightideal P, then R is 7~ —regular relative to rightideal QNP

Proof. Suppose that R is 7 —regular relative to right ideal P . Let a € R, then there exists
b € R and positive integer N such thar a" —a"ba" € P, a"bP < P . Now we have two states:

1. a"—a"ba" ¢Q .
2- a"-a"va" €Q.

State (1). Suppose that " —a"ba" ¢ Q, since Q is maximal, R=(a" —a"ba")R+Qso
1=(a" —a"ba")x+q for some € Q and forevery U € R

(@"ba" —a")xu—u=-queQRcQ ®

sofor u=a"ba" —a" implies that

(@"ba" —a")x(@"ba" —a")-(a"ba" —-a")eQ

Since a"ba" —a" e P follows

(@a"ba" —-a")x(a"ba" -a")—(a"ba" -a")e PNQ

(@"ba" —a")x(@" —a"ba") +(a"ba" —-a") e PN Q

(@a"ba"x—a"x)(@"-a"ba")+(a"ba" -a")e PNQ

a"(ha"x—-ba"xa"b—x+xa"b+b)a" —a" e PNQ

Let z=ba"x—ba"xa"b—x+xa"b+b, then a"za" —a" e PN Q. Now we prove that
a"z(PNQ)c PNQ.Foreveryt e PN Q wehave

a"zt=a"(ba"x—ba"xa"b—x+xa"b+b)t =

=(a"ba" —a")xt —(a"ba"xa" —a"xa" )bt +a"bt =

=(a"ba" —a")x(t—a"bt) - (t—a"bt) +t

Since a"ba" —a" e P, (a"ba" —a")x(ta"bt) e PR = P and

abtea"(QNP)ca™bPcP

which implies that 8"t < P . In addition to, by (1) and for U =t —a"bt € R implies that

a"zt=(a"ba" —a")x(t—a"bt) - (t—a"bt) +tcQ+Qc=Q

soa"zt e PNQ,thus a"z(P Q) € PN Q. This shows that R is 7 —regular relative to
rightideal PN Q.

State (2). Suppose that a" —a"ba" € Q, since a" —a"ba" e P, a" —a"ba" e PN Q. i
a"bP = Q, then a"bP = P Q and so

a"(PNQ)caMPcPnNQ

This shows that R is 77 —regular relative to rightideal P Q.

Suppose that a"bP & Q, then a"bPa" & Q, henceif a"bPa" = Q implies that

a"bPa"bP = (a"bPa")bPc QR = Q
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So (a”bP)2 < Q. Since the right ideal Q is maximal, Qis prime which implies that
a”ngQ a contradiction. Thus, there exists poeP such that a“bpoa”czQ, since

a"ba" —a" € P Q and a"bP < P follows that
a"ba" —a" +a"bpya" e P+ PR P
a"bP+a"bpy,P e P+PRc P
a"ba" —a" +a"bpya" ¢Q
This shows that 2" (b +bpy)a" —a" e P, a" (b +bpy)P = P and
a"(b+bpy)a" —a" ¢Q
Let Zy =b +bpy € R, thenwe have a"zpa" —a" e P, a"zyP < P and
a"zpa"-a" ¢Q
by state (1) implies that R is 77 —regular relative to rightideal P Q.

Theorem 2.5. Every ring R is 7— regular relative to the intersection of finite number of maximal
rightideals of R.

Proof. Follows immediately from Lemma 2.3 and Theorem 2.4.

Let R bearingand P #R be arightideal of R. We say thatan element a € Ris P —nilpotent

if a" € P for some positive integer N. Also, we say that a subset A of a ring R is P—nilif every

elementof A is P —nilpotent.

Lemma2.6. Let R bearingand P # R bearightideal of R.If R is 77 —regular relative to right
ideal P, then J(R) is P —nil.

Proof. Let @ € J(R), then a" —a"ba" € P and a"bP = P for some b € R and positive
integer N. Then a" —a"ba" = p, where pyeP. so a"(Ll—ba")= py, since acJ(R),

1-ba" isinvertible,ie, @" = pgx € PR < P forsome X € R.

Lemma 2.7. [5, Lemma 2.3]. Let R be a ring and P#R be a right ideal of R. Then the
following statements hold:
1- Forevery @ € R theset Ip(a) ={X: X € R; ax € P} isarightideal of R.
2- rp@)=P.
3- Foreveryae R, aPc Pifandonlyif P rp(a).
4- ForeveryaeR, rp(@)=R ifandonlyif aeP.
Theorem 2.8. Let R be aringand P #R be arightideal of R. Then the following statements
are equivalent:

1- Aring R is 77 —regular relative to right ideal P.

(STRONGLY) 7T —REGULAR RINGS

RELATIVE TO RIGHT IDEAL (73) Alkhatib, Aodeh, Hakmi



82020 saisns — I 3301) = o)1) alanall - At g Abaad) g L) o stadl Alna LA 5 g o slall gy ) Al

2- For every ac R there exists b€ R such that a"R+P =rp(1—a"b) for some positive

integer .

Proof. (1) = (2).Let ac R, then @" —a"ba" € P and @"bP = P for some b € R and
positive integer N. Since (1—a"b)a" =a" —-a"ba" eP, a" erp(1—a"b), this shows that
a"R c rp (1—a"b). On the other hand, since for every t € P,

(1-a"b)t=t—a"bteP+a"bPcP

(1-a"b)PcP,soa"R+Pcrp(l—a"b).

Let X € Ip(L—a"b), then (1—a"b)x € P,so x =a"bx+ py € a"R + P where py € P.
Thus rp(L—a"b) ca"R+P.

(2) = (1) . Let a € R, then by assumption there exists b € R such that

a"R+P=rp(l-a"b)

for some positive integer N. Sincea" e rp(1—a"b), a" —a"ba" e P.

Let te P rp(1—a"b), then (L1—a"b)t = p, where p,eP.Soa"bt=t—p; €P and so

a"bP < P.Thus our proof is completed.
Note that in Theorem 2.8 and for P = 0 we derive the following:

Corollary 2.9. For any ring R the following statements are equivalent:
1—Aring R is 7 —regular.

2 — For every @ € R there exists D € R such that a"R =r(1—a"b) for some positive integer

3.Strongly 77 —Regular Rings.
Let R be aringand P#R be a right ideal of R. For every a € R we define the following
chains of the form:

(1) Descending chain of principal right ideals:

aRoa’Roa’RoA (3.1
(2) Descending chain of principal leftideals:
Ra > Ra’ oRa® oA (3.2)

(3) Descending chain of right ideals:
aR+Poa’R+Poa’R+P oA (3.3)
(4) Descending chain of right ideals:

aR+RP oa’R+RPoa’R+RP oA (34)
(5) Descending chain of leftideals:

Ra+RP oRa’+RP oRa*+RP oA (3.5)
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(6) Ascending chain of right ideals:

r@@cr@’)cr@’)cA (3.6)
(7) Ascending chain of left ideals:
Ma) = Ma%) c M@’) cA (37)

It is known that the chain (3.1) is stationary for every a € R if and only if the chain (3.2) is
stationary for every a € R, [4, Theorem 3.16]. A ring R satisfy the d.c.c. on chain (3.1) for every a € R
are often called a strongly 77 —regular ring. It is clear that if for some @ € R the chain (3.1) is stationary,
then the chain (3.7) is stationary. Also, if for some @ € R the chain (3.2) is stationary, then the chain (3.6)
is stationary. It is easy to see that, if for some @ € R the chain (3.1) is stationary, then the chains (3.3) and

(3.4) are stationary. Also, if for some @ € R the chain (3.2) is stationary, then the chain (3.5) is stationary.

Lemma3.1. Let R bearingand a € R. Then the following are equivalent:

1- The chain (3.1) is stationary.
2- R=aR+r(a")forsome positive integer N.
3- R=a"R+r(a")forsome positive integer N.

Proof. (1) = (2). Assume that the chain (3.1) is stationary. Then a"R=a""Rfor some
positive integer N. Soa" = a™x for some x € R and a" (1—ax) =0, this shows that 1—ax € r(a")
andso R=a"R+r(a").

(2)= (). Suppose that R =aR +r(a") for some positive integer N. Then 1=ax+y for
some Xe R and yer(a"),so

a"=a"x+a"y=a""xea™R

this shows that a"R =a"™R . Thus, the chain (3.1) is stationary.

(1) = (2) Assume that the chain (3.1) is stationary. Then a"R=a"R=a”"R for some
positive integer N. Soa" = a”x for some xeR and a"(1—-a"x)=0, this shows that

1-a"xer(@") andso R=a"R+r(@"). (3) = (2).1s obvious.

Theorem 3.2. Let R be aring. Then the following statements are equivalent:

1—Thering R is strongly 77 —regular.

2 —Forevery a € R there exists a positive integer N suchthat R=aR +r(a").

2' —Forevery a € R there exists a positive integer M such that R = Ra +A@™).

3 —Forevery @ € R there exists a positive integer N suchthat R=a"R®r(a").

3" —Forevery a € R there exists a positive integer M such that R=Ra™ ®A(a™).

Proof. (1) < (2) By Lemma 3.1.(1) = (3). Let a € R, then the chain (3.1) is stationary, so
a"R=a""R=a”"R for some positive integer N, by Lemma 3.1 R=a"R+r(a"). Assume that

a"RMr(@")#0, then there exists Xe R, X#0 such that a"x=0 and x=a"y for some
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O#yeR. Since a®"y=a"x=0, r@")cr(@®), this shows that the chain
r@")cr@ cr@) cA cr@")cA is not stationary, so the descending chain of left ideal

Ra > Ra?" 2 Ra® oA s not stationary, a contradiction of 77 —regularity of R. (3) = (2). Is

obvious.

Lemma 3.3. Let R be aring, P #R be aright ideal of R and aeR. If a" eRP for some
positive integer 1N, then the chains (3.4) and (3.5) are stationary.

Proof. Assume that a" € RP for some positive integer N. Since RP is ideal of R,
a"R+RP =RP and so RP ca"™R+RP ca"R+ RP = RP. This shows that the chain (3.4) is
stationary. Similarly we can proof that the chain (3.5) is stationary.

Lemma 3.4. Let R be aring P#R be aright ideal of R and aeR.If a" € P for some
positive integer 1N, then the chains (3.3), (3.4) and (3.5) are stationary.

Proof. Assume that @" € P for some positive integer N. Then a"R+ P =P and

Pca™R+Pca"'R+P=P

This shows that the chain (3.3) is stationary. Since a" € P < RP, so by Lemma 3.3 the chains

(3.4) and (3.5) are stationary.

Lemma 3.5. Let R be aring, P#R be a right ideal of R and a e R. Then the following
statements are equivalent:

1 — The chain (3.3) is stationary.

2— R=aR+r(a") forsome positive integer N.

3— R=a"R+r,(a") forsome positive integer N.

Proof. (1) = (2). Assume that the chain (3.3) is stationary. Then a"R+P = a™R+P for
some positive integer N.So a" = a™x+ Py for some X € R and p, € P.Thus a"(1-ax)=p, € P,
this shows that (1—ax) e r,(a") andso R=aR+r,(a").

(2) = (1) .Suppose that R=aR+rp (") for some positive integer N. Then 1=ax+y for
some XeR and yer,(a"), since a"yeP, a"=a""x+a"yea™R+P. This shows that
a"R+ P =a""R+ P.Thus, the chain (3.3) is stationary.

(1) = (3) . Assume that the chain (3.3) is stationary. Then

a"R+P=a"R+P=a""R+P

for some positive integer N. So a" = a”"x+ py for some xeR, p,eP and
a"(l-a"x) = p, € P, this shows that 1-a"x e 1, (@") andso R=a"R+r,(a").

(3) = (2) . I1s obvious.

Note thatin Lemma 3.5 and for P =0 we derive Lemma 3.1.
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Theorem 3.6. Let R be aringand P # R be a right ideal of R. Then the following statements
are equivalent:

1 —The chain (3.4) is stationary for every a € R.

2 —The chain (3.5) is stationary for every a € R.

Proof. Let a € R, then by assumption there is a positive integer N such that

a"R+RP =a“R+RP @

for every integer k>n.If a' eRP for some positive integer T, then by Lemma 3.3 the chain
(3.5) is stationary. Suppose that a' ¢ RP for every positive integer t. By (1) thereare X € R, p, € RP
such that @" =a™x+p, and x¢RP, hence if xeRP, thena” =a""x+p, eRRP cRP a
contradiction. Also, it is easy to see that X' ¢RP and a"x' ¢ RP for every positive integer t. By
assumption the chain

xR +RP > x’R+RP > x’R+RP oA

is stationary, so there is a positive integer M such that X"R+ RP = x*R+RP for every
integer k>m. Sox™ = xm+ly+ p; where ye R, p;eRP and y¢RP , hence if y € RP, then

m

x™ = x™y 4 p, € RRP c RPa contradiction. Let a=a"", A=x""and y=y™", then

a=a’B+ p forsome p’ e RP, hence

a=a"m=aMg" =g" (an+1x+ pO) _ am+1anx+ am Py =
a™(@"x+ py)x+amp, =am?a"x? +a™ pyx+amp, =A =
2(n+m)Xn+m +Z(n+m) -1 m+tp X

z(n+m) -1 ,m+t

Let p’'= pox €RP,then a=a?S+p'. Similarly we obtain /= Lir+p”

Z(n+m) -1, m+t P, y cRP.

where p"' =
a=a’p+p,  PB=pr+p" (2)
Also, by (2) found
afy =’ B+p)By=a’By+p'py =
=a®(f-p")+ Py =a’pa’p"+p'py =
—a— pl_a2pn+ p!ﬁy
for p, =—p’ —a? p"” + p'fy € RP implies that

affy=a+p, 3)
In addition to, by (2) and (3)
ay=a’+p;,  a(y—a)=p, 4

where P; =ap, + P’y € RP.So by (2) and (4)

B (r—a)? = B2y* - Brya—Blay + pPa’ =

=B y(r—a)-Blaly—a)=B*y(r—a)- B*p; =
=(B-p")r-a)-B*ps=Bly—a)+p,
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where p, =—p"(y—a) —ﬂz P; €RP ie.,

By—-a) =Br-a)+p, ()
Thus by (5)
B (y-a) =p(y-a)+ps, $=2 (6)

where Ps = Z 0 PP (y — a)* € RP . On the other hand, by (2) and (3)
a—-afta :(aﬂy—pz)—aﬂa+aﬂa—aﬂ a’ =
=af(y—a)+(ef-apf’a)a—p, =

=afi(y —a)+[a(B’y + ") —ap’ala—p, =
=af(y—a)+aff*(y —a)a +aop” - p,

for pg =—ap”a—p, € RP implies

a-afe’ = af(y —a)+af*(y —a)a+ pq (7)
Since ¥ —a € R, then by assumption the chain

(y—a)R+RP 2 (y—a)’R+RP DA

is stationary. So there is a positive integer t such that

t+1 "

(r-a) =(y-a)"z+p

forsome ze R, p” € RP.So by (6)

a—afa’ =af(y—a)+af(y —a)a+ ps =

=af M (y—a) +af ™t (y—a) a—aps —afpsa+ pg =

=af™(y—a)' y —aps — aBpsa + Pg =

for P; =—aPs —afpsa + Pg € RP implies that

a-apf’a’ =af(y-a) y+p;

a-apf’a’ =af™(y—a) "2y + pg ®)

where Pg = aﬂt+lp”'7/+ P; € RP and so

a—apa’ =af M (y-a)l(y—e) ™ z+p"zy+ pg
a—af’a’ =af ™ (y—a) 2%y + p, 9)

where Py = aﬂt+l(7/ —a)p"'zy + pg € RP . By (6) implies that

a-ap’a’ =M (y-a) Ny -a) 2’y + py =

= alB(y —a)+ ps1(y — )2’y + py

a-ap’a’ =(afy —apa)(y —-a)2’y + py (20)

where Py =ap5(7/—a)z 7+ Py € RP . By (3) found

a—af’a’ =(a+p, —apa)(y—a)z’y+ py

a-apta’ =(a-apa)(y —a)z’y + py

where Py; = P, (7 — a)Z 7 + Pio € RP, and by (4) implies that

a_aﬁzaz :a(V_a)227_aﬂa(7_a)227+ P =
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= paz°y — afipsz’y + iy €RP

a-af’a® = pp (11)

where Py = p3227/—aﬁp322]/+ P11 € RP.Since a=a
aqntm :aﬂZaZ(n+m) + Ppo

and for A =N+ m found

a’ = (ap%a* Hat + pp, eRa* +RP

This shows that the chain (3.5) is stationary forevery a € R.

n+m
M follows that

(2) = (1) The proofis analogous to the proof of (1) = (2).

Let R bearingand P # R be arightideal of R .Itis easy to see thatforevery a € R:
-The set Igp (&) ={X: X € R; axe RP} isarightideal of R.
-The set Agp (8) ={X:X € R; xa € RP}isaleftideal of R.

We say that a ring R is strongly 7z —regular relative to ideal RP if the chain (3.4) is stationary

forevery a e R.

Theorem 3.7. Let R be aringand P #R be arightideal of R. Then the following statements
are equivalent:

1—Aring R is strongly regular relative to ideal RP .

2 —Forevery a € R the chain (3.4) is stationary.

3 —Forevery a € R the chain (3.5) is stationary.

4 — For every @ € R thereis beR such that a" =a""b+z for some positive integer N and
zeRP.

5 —Forevery @ € R thereis ¢ € R such that a™ = ca™ + y for some positive integer m and
yeRP.

6 — Forevery @ € R there is a positive integer N suchthat R=a"R +rgp(a").

7 —Forevery @ € Rthere is a positive integer N such that R =aR + rgp (")

8 —Forevery a € R there is a positive integer M such that R = Ra™ + Agp(@™).

9 —Forevery @ € R there is a positive integer M such that R = Ra + Agp(@™).

10 — Forevery @ € R there is a positive integer T such that

a' e (@"*R+RP)n(Ra'** + RP)

for all positive integer K .

Proof. (1) < (2) . By definition. (2) <= (3) . By theorem 3.6. (2) <= (4) and (3) < (5) are
directly verified. (4) = (6) .Let a € R, thenthereish € R such that a"=a"h+z

for some positive integer N and Z € RP, so

a"=a""%p% +azb=A =a®"b" + p,
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where pg = Ztn:_& a'zb! € RP, thus a"(1—a"b") = Po € RP this shows that

1-a"b" e Rp (an)
thus R=a"R + 'Rp (@"). (6) = (7).1s obvious.
(7) = (4). Letae R, then R=aR+rgp (@) for some positive integer N. Sol=ax+y

forsome Xe R and y e Igp (a“) ,thus a" = a"x + a”y and a”y eRP.
(5) = (8) = (9) = (5) .The proof is analogous to the proof of (4) = (6) = (7) = (4) .
(10) = (4)and (10) = (5) are obvious. ((4) +(5)) = (10). Let a€ R. By (4) and (5)

there are positive integers N and M such that a" =a"p+ Po and a™=ca™?! + Py where

b,ceR and py,p eRP. Then a"M= a4 g™ Pp where a™py e RPand

a™™ =ca""™" 4 pa" where pja" €RP.

so @™ ca™*R+LRP and a™™ eRa™™* +RP for every positive integer K. For

t=n+m implies that a' € (a"™*R+RP) N (Ra"™* + RP) .

Corollary 3.8. Let R bea ring and P+#R bea right ideal of R . If for every a € R the chain

(3.3) is stationary, then for every @ € R the chains (3.4) and (3.5) are stationary.
4. P —Potent Rings.

Recall that aring R is an 1y —ring [6], if every principal left (right) ideal of R not contained in
J(R) contains a nonzero idempotent. We say thataring R isa P —potentring or | —ringrelative to a
rightideal P # R of R, ifforany a € R there exists b eR suchthat bab—b e P and baP < P..In

the following we provide characterization of this rings in terms of principal left ideals:

Theorem 4.1. Let R be aringand P # R be arightideal of R. Then the following statements
are equivalent:

1—Aring R is P —potent.

2 —Every leftideal of R containsa P —idempotent element.

3—Forevery aeR, Ra containsa P — idempotent element.

Proof. (1) = (2).Let A bealeftideal of R and a € A, by assumption there exists X € R such
that XaXx — X € P and xaP < P . Letwe define € = Xa, then

e’ —e=xaxa—xa=(xax—x)ae PRc P

and P =xaP < P,so e is P —idempotentand e=Xa € RAc A. (2) = (3) . Is obvious.

(3) = (1) .Let a€ R, by assumption there exists P —idempotent € € Rsuch that e e Ra.
Then €2 —e e P, eP <P and e = xa forsome XeR, so e’ =e+ Py where p, € P. Let we define
b = xax, then

bab = (xax)a(xax) = e?ex = (e + p,)ex = e*x+ pyex =
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=(e+ Pg)X+ PpeX =€eX+ PpX+ PpoeX ==Xxax+ p, =b+p;
where p; = pyX+ ppyex € PR = P . Thus bab—b = p, € P and
baP = xaxaP =e(eP) ceP c P

this shows that R isa P — potent ring.

In the following we prove a new characterization of the P —potent ring in terms of P —
annihilator:

Theorem 4.2. Let R be aringand P #R be aright ideal of R. Then the following statements
are equivalent:

1- Aring R is P —potent.
2- Forevery a € R thereexists b € R suchthat bR+ P =r,(1-ba).
3- For every aeR there exists be R such that (1-ba)R+P=eR+P for some P—

idempotent € € R.

Proof. (1) = (2). Let aeR, then bab—beP and baP =P for some beR. So
(1-ba)b e P, thus ber, (1-ba) and hence rp (1—ba) is arightideal in R, bR < rp (1—ba) . Also,
for any te P, (1-ba)t=t—bateP+baP <P, so ter,(1-ba) ie. Pcrp(1—ba), thus
bPR+Pcrp(1-ba). On the other hand, let yer,(l—ba), then (@L—ba)yeP, so
y =bay+ p, bR+ P forsome p, € P, therefore I; (1—ba) = bR+ P . This proves (2).

(2) = (3). Since bebRcr,(1-ba), b—babeP. Also, since for any ter,(1—-ba),
(1-ba)teP sot—bat=t, P and bat=t—t, e P, ie. baP c P. Let e=baeR, then e is
P —idempotentand (1—-ba)R+P =(1—e)R+P where 1-e e R is P —idempotent.

(3) = (1) . Let a € R, by assumption there exists b € R such that (1-ba)R+P =eR+P for
some P —idempotent e R. Then e’—ecP, ePcPso e’ =e+ Pofor some p, € P. Since
l-baceR+P,

l1-ba=ex+p, @

forsome p; € P andso

e(l—ba) =e’x+ep, = (e + Py)X +€P, = X+ PyX +ep;

by (1) we have

e(l—ba)=(1—ba)— p, + pox+ep, =1—ba+ p,

where p, =—p, + poXx+ep; € P+ PR+eP < P.Thus ba—eba=(1-€)+ p, andso

(1-e)ba=(1-e)+p, )

(1—e)ba(l—e) = (1—e)? + p,(1—¢)

since 1—e is P —idempotent, (1-e)®’—(1-e)eP and (1-€)P P, so

(1-e)’=(-e)+p,

and so
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(A-e)pal—e)b=(1—-e)b+ psb+ p,d—-e)b=1—-e)b+ p,

where p, = psb+ p,(1—-e)bePR+PRcP. Let we define d=(0—-e)beR, then
dad —d = p, € P and by (2) we have

daP =(1—-e)baP =(1—-e)+ p,)P<c(@—-e)P+p,P<P

This shows that R is P — potent.
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