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Abstract: Laplace-Elzaki transform (LET) as a double integral transform of a function f(x, t) of two variables was presented to
solve some integral and partial differential equations. Main properties and theorems were proved. The convolution of two
function f(x, t) and g(x, t) and the convolution theorem were discussed. The integral and partial differential equations
were turned to algebraic ones by using (LET) and its properties. The results showed that the Laplace-Elzaki transform was more

efficient and useful to handle such these kinds of equations.
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1. Introduction:

Pierre — Simon Laplace (1782) introduced the idea of its transform that became one of the most
famous transforms in mathematics, physics and engineering sciences. The Laplace transform was used to find
out the solution of linear differential, difference, and integral equations [1,2,3]. On ther hand, Tarig.M.Elzaki
(2010) modified Sumudu transform [4] and gave a new technique that used to solve linear and nonlinear
differential equations [5-8], integral equations[9], and other applications .Whereas using single Laplace and

Elzaki transforms to solve equations with unkown function of two variables were hard and useless sometimes
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so the matheticians as L.Debnath used the double Laplace transform to solve functional, double integral
equations and partial differential equations [10]. While T.M.Elzaki and E.M.A Hilal solved telegraph partial
differential equation by using double Elzaki transform [11]. In this paper, another double transform which
called Laplace-Elzaki transform of function f (X, t) was studied with properties and theorems to find out the
solution of some integral and partial differential equations. Consequently, the aim of this work is to develop a
method to solve double integral and partial differential equations easily by turning these kind of equations to

algebraic ones.

2. Research problem:

Partial differential equations and double integral equations with convolution type are used to
describe many problems in the field of engineering and most applied science . The solving of these equations
by Using single transforms were more difficult than using the double transforms. The Laplace-Elzaki transform

as a double transform and its properties were discussed to solve these kind of equations easily.

3. Materials and methods of research:
The inductive thinking was used to get a double integral transform. The single Laplace and Elzaki
transforms were combined in a double integral transform which called Laplace-Elzaki transform , so most of

properties for the two single transforms were generalized and most results related to the gamma function.
3.1. Basic concepts:

3.1.1. Laplace transform [2]:

Let f(x) is a piecewise continuous function on interval [0, oo[ and of exponential order so it
satisfy :
lf(x)] < Me*™* ; a>0

Then the Laplace transform of this function is defined by :

L) = L(f@) = [ e fwdx ()

The inverse Laplace transform is :

fx) =L(L(s)) = f eS*L(s)ds (2)
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3.1.2. Elzaki transform [5-7]:

Iff(t) is a function from the set A where:
|

A= {f(t):EIM, ki, k,>0,|f(t)] < Me"if;t € (-1)/ x [O,oo[}

Then the Elzaki transform of this function is:
[0/0)

Ep) = E(f®) = p f e F(OdE (3)

0

And the relation between Laplace and Elzaki transform is :
1
W =pE() @

So the inverse Elzaki transform has the form:

f@&)=EY(E®) = fw et pE (%) dp (5)
0

3.1.3. Gamma function[12]:
I' (@) is the gamma function which defined by the form

e}

r'(a) = f e *x%ldx  (6)

The gamma function satisfies many properties like :
I'la+1) =al(a) (7)
If a € N then,

r@=@+1! (8)

4. Discussion and results:

4.1. Definition of the Laplace-Elzaki transform (LET) :
The Laplace-Elzaki transform of function f(x, t) of two variable X and € defined in the first

quadrant of the X — t plane is defined by the double integral in the form:

Flop) = LE(F(x ) = LE(f D)  =p f f e F(x, Odxdt (9)
00

Evidently, LET islinear integral transformation as shown below :

Laplace-Elzaki Transform and its Properties i
with Applicationsto Integral and Partial (98) Al-Sook, Amer



Journal of Natural Sciences, Life and Applied Sciences — AJSRP — Issue (2), Vol. (3) — June 2019

LE(af (o, 6) + Bg(x,0)) = p f ] Plaf e, 6) + Bg(x, O)]dxde
=pf, [ e paf(x, t)dxdt+pf0 fo ™% Bg(x, t)dxdt

apj j e Pf(x,t)dxdt+,8pj j e_sx_%g(x,t)dxdt
0 0 0 0

= aLE(f(x,t)) + BLE(g(x,1)) (10)

Where @ and ﬁ are constants.

By using the Bromwich inversion formula [2] The inverse Laplace-Elzaki transform is defined by the
complex integral formula:

fot) = LE™(F (s,p)

a+ico Ptico

= @ j j pesx+%f (s, %) dsdp (11)

a—ico L—ico

4.2. Laplace — Elzaki transform of basic functions :

(@)

f(x,t) = x*P forx >0and t > 0, then

= _oy_L
f (s,p) = LE(x%tP) = pj f e Tr xtbdxdt
0 0

t
= f e‘sxxadxfpe_itbdt

0 0
=D Uphrp+1)  (12)

1

In particular,
2

LE(1) = p? (13)

where a > —1 and b > —1 are real numbers
Consequently if a and b are natural numbers in (12) we obtain

a'b!
LE (x%tP) = ~ari?P b+2  (14)

(b)
Let f(x,t) = e(@**+PD) then

F(s,0) = LE(e@0) = p [ [ ™ (@400 dxdl

Laplace-Elzaki Transform and its Properties (99) Al-Sook, Amer
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= f e~ (s—a)x dxf pe_(%_b)t dt
0 0
p?
; R >b&R > 15
Similarly,
p?
LE i(ax+bt)) — 16
(e ) G- —ip O
(©)
As we known
i(ax+bt) __ e—i(ax+bt)
sin(ax + bt) = 57 (17)
ei(ax+bt) +le—i(ax+bt)
cos(ax + bt) = 5 (18)
From the linearity property of (LET) and the equations (15), (16), (17), and (18) we get:
2 3
_ ap” + sbp
LE bt)] = 19
[sin(ax + bt)] GI Y azz)(l n gzpz) (19)
sp® —abp
LE bt 20
[cos(ax + bt)] = 2+ a1+ 09D (20)
Similarly,
e(ax+bt) _ e—(ax+bt)
sinh(ax + bt) = 5 (21)
e(ax+bt) + e—(ax+bt)
cosh(ax + bt) = 5 (22)
So,
2 3
_ ap® + sbp
LE[sinh(ax + bt)] = GZ = a?)(1 - b2p?) (23)
2 3
sp® —abp
LE[cosh(ax + bt)] = GZ— a1 = b2pD) (24)
@ t
LE(Jo(avxD)) = p [" [ e 777 Jo(aVxt)dxdt
t
= pf e_ﬁdtf e~ J,(avxt)dx
fe Pem dt-—E(e 4s>
s
0
Laplace-Elzaki Transform and its Properties (100) Al-Sook, Amer
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2 4 2
- . az__ 4s faz (25)
s(1+75p) p

Where [ (X) is a Bessel function of zero order which has the formula:

=Y 2 (5" e

_On! rn+1)\2
© t
LE[H(x — xo,t — tg)] =D fooo fooo e TP H(x — xo,t — ty)dxdt

t
= f e ¥ dx f pe Pdt
X0 to
_tg eS%0
=p’e ? (27)

where H(x — X, t — tg) is Heaviside function which has the formula :

1; x=x9 andt = ¢,
H _ — =
(x Xo, t to) {0 ; x <xpandt < t,

A table of Laplace-Elzaki transform can be constructed from the standard tables of Laplace and Elzaki

(28)

transforms by using the definition (9) or by evaluating double integrals. The above results can be used to solve

integral and partial differential equations.

4.2.1. Corollary: Let f(x, t) = g(x)h(t), then
f (s,p) = LE[f (x, )] = LIgIER(D)] (29)

Proof:

Fom =1elrol=p [ [ e gentoaxar
:f e‘sxg(x)dxf pe ph(t)dt— [g(CO)]ETh(D)]

0

4.2.2. Corollary: If F(S, p) = L[g(x)]E[h(t)] = L(S)E(p) then the inverse Laplace-Elzaki

transform can be calculated by the residue theorem [2] :

fx,t) = LEX(f (s,p))

a+io B+io

i || e

a—ico [—ico

n m
= Z Z Ress—s,[e**L(s)] Resp—p, [PeptE(%)] (30)
i=1j=1
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Where sy, ... ... ,Spand Pq, e e , D are the poles of £ (s,p) = L(s)E(p).

4.3. Existence conditions for Laplace-Elzaki transform :
If f(x,t) is a function of exponential order then for @ > 0,b >0, 0 < x < 00 and

0 <t < othere exists a positive constant K suchthatforallx > X andt > T:
If(x, t)| < kedxtbt (31)

and we write
f(x,t) = 0(e™*Pt) as x » oo, t > 00 (32)
Or, equivalently,

lim e 8 |f(x,t)|==k lim e @ ®*=BDt =0, qg>a,B >b (33)

X—00,t—00 X—00,t—00

consequantly, if f (X, t) is a continuous function in every finite intervals (0,X) and (0,T) also
1 t
forb = - (¢ > 0) afunction f (x, t) is of exponential order e e,

t
If (x, )] < ke e (34)
then the Laplace-Elzaki transform of f(X,t) exists for all S and p provided Re(s) >

a and Re (%) > %

4.4. Basic properties of the Laplace-Elzaki transform:
We can prove the following general properties of the Laplace-Elzaki transform under suitable

conditions of f (X, t):

4.4.1. Shifting property :

LE (e(““bt)f(x, t)) = (1 - bp)LE (s —a, P

1—bp

) @5)

Proof:

t
LE(e(ax“’t)f(x, t)) — pf f e—sx—ge(ax+bt)f(x’ t)dxdt
0 0

1

=p fooo fooo eGP e=(~OX £y )dxdt
Letq = 1-pr then,

o0 ©o _£
LE(e@*POf (x,t)) = (1 — bp)qf f e 1~ F(x, t)dxdt
00

= (1 —-bp)LE(s —a,q) = (1 — bp)LE (5 — a7 —pbp)

Laplace-Elzaki Transform and its Properties
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4.4.2. Derivative property:
If f (s,p) = LE(f(x,t)) then,
ofxt)\ _ _F
Q) LE (L) = sf (s,p) —E(F(0,0))  (36)

Proof:

LE <6f(x, t)> =p j? e_sx_% Gfg;, 2 dxdt
0

o af(x t)
~ ox

Il
=
Q
’Gllﬁ
QU
o~

Suppose u = e 5%, dv af;x 9 dx then,

0

af (x,t) ny
( ox ) pof ¢
= ~E(f(0.0) + s (s,p)
b) LE (52) = 2 F (s p) ~pL(f(x, 0))  (37)

(00]

'G

e~ f(x, 1)) °=°O +sf e=5* f(x, t)dx]

0

proof:

a ¢ C o af(xt
LE f(x) pfjesx%f(x)dxdt
ot
0 0

_ —sx o _Eaf(x't)
—pfo e~ dx [ e P=———dt

t
Supposeu =e ?,dv = %dt then,

(00] (00

LE (E)fg; t)> pj e % dx [e_;f(x, t)| . :0 +%f e_%f(x, t)dt]

0

= —pL(f(x,0)) +>7 (s,p)

Similarly,

) LE (229) = 2 7 (s5,p) — spL(f (. 0)) — E(£:(0,) (38)

d) LE (m) = s2f (s,p) — sE(f(0,)) — E(£,(0,1)) (39)
) LE (Z229) = L7 (5,p) - L(f(x,0)) = pL(fe(x, 0)) (40)

Laplace-Elzaki Transform and its Properties
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4.4.3.Theorem: If f (X, t) is periodic function of periods @ and b (thatis f (x + a,t + b) = f(x,t)
forallx and t) and if LE (f (x, t)) exists, then
(98] (00] — —£
LE(fx,0))=p [, [, e 77 f(x,t)dxdt

a b —Sx—£ 0o (00 —SX—£
=pf, Jy e TP dxdt +p [ [, e P f(x, t)dxdt
Settingu =x —a,v =t — b, then:

LE(f(x,t)) = f (s, 12)
- j j ™ b f(x, O)dxdt

00

b v
+ pe_sa_ﬁJ j e " f(u+a,v+ b)dudv
0 0

a b 0o 00
= b v
fp)=7p f f e f(x, )dxdt + pe*"» J j e """ f(u, v)dudv
00 0 0
a b
- t b =
Fsp)=p j j e £ (x, O)dxdt + e HF (5,p)
00

Consequently,

a b

4.5. Convolution and convolution theorem of the Laplace-Elzaki transform:

The convolution of f (X, t) and g(x, t) is denoted by (f ** g)(x, t) and defined by :

x t

(f »xg)(x,t) = fff(x—u,t—v)g(u,v)dudv (42)
0

0
The convolution is commutative, that is:

(f »x g)(x,t) = (g ** H(x,t) (43)

This follows from the definition (42), it can easily be verified that the following properties of

COﬂVOIUtiOI’l are correct :
1. [f *x (g *+xh)](x,t) = [(f ** g) ** h](x,t) (44) (Associative)
2. [f ** (ag + bW)(x,t) = a(f ** g)(x,t) + b(f ** h)(x, t) (45) (Distributive).
3. (f*x8)(x,t) = (8 *x f)(x,t) = f(x,t) (46) (Identity).

Laplace-Elzaki Transform and its Properties
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Where 8 (X, t) is the Dirac delta function of X and t.

4.5.1. Theorem: Iff (s,p) = LE (f(x, t)),then

LE(f(x — &t —DH(x —&,t — 1)) = e *7f (s,p) (47)
Where H(X, t) is the Heaviside unit step function defined by (28).

Proof: We have, by definition:
LE(f(x —et—1)H(x —&,t — 7)) =

t
=pf f e Pf(x — gt —T)H(x —&,t — 1) dxdt
0 0

=p f:o [ e_sx_é f(x —¢&t—1)dxdt

T

by puttingx —e=y,t—1t=2:
=pe” P [ [ e f(y,2)dydz
= e ™5] (s,p)

4.5.2. Theorem: (Convolution theorem)

If f (s,p) = LE(f(x,t)) and § (s,p) = LE(g(x,t)), then
LE(f *+ 9)(x,0)] = L LE(f (x, O)LE(g(x, 1)) = F (5,p)F (5,p) (48)

Or, equivalently,

1 - -
L F 0.9 G| = (F e ) 0) (49)
Where (f ** g)(x, t) is defined by the double integral (42) of f(x,t) and

g(x,t).
Proof: We have, by definition,

LE[(f ++ 9)(x, D] = p f f =75 (F »x g)(x, t)dxdt

oo ©o x t 1
t
=pf f e lfff(x—u,t—v)g(u,v)dudv dxdt
0 0 00 ]

Which is using the Heaviside unit step function,

t ]
=pffe_sx_r’[fff(x—u,t—v)H(x—u,t—v)g(u,v)dudv dxdt
0 0 0 0 :

Laplace-Elzaki Transform and its Properties
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t
=p f f g(u, v)dudv \ j j e Y rf(x —u,t—v)HE—u,t— v)dxdt]
0 0 0 0

Which is, by theorem (4.5.1),
= ffg(u,v)e T f (s, p)dudv =3 -f(S,p)-pj j e " rg(u, v)dudv
0 0 0 0

f (5,03 (s,p)

1
p
4.6. Applications of Laplace-Elzaki transform to integral and partial Differential equations:

4.6.1. Integral equations:
(a) The nonhomogeneous two dimensional Voltera integral equation of the first kind of convolution type is

defined as:

/1] j k(x —u,t—v) f(u,v)dudv = g(x,t) (50)

Where f(x, t) is an unknown function and A is constant.

We apply the Laplace-Elzaki transform to (50) to obtain:

x t

LE Af f k(x —u,t—v) f(u,v)dudv| = LE[g(x, t)]

00
Using of (42) and (48) to get:

Mf [(k %= f)(x, )] = LE[g(x, )]
> k (s,p).f (s,p) = g (s,p)
Simplifying this equation :
(s,p)
(s,p

Qy

= 1
Fsp) =582 = ~H(s,p)

&
—

G (s.p)
Where H(s,p) = p%

The inverse transform gives the solution of the equation (50) as:

1
f(x' t) = XLE_l[H(S! p)]

Notice that according to the convolution property (43) the equation (50) can be defined by :

x t
Affk(u,v)f(x—u,t—v)dudv =g(x,t) (51)
0 0

Laplace-Elzaki Transform and its Properties
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Examples:
(a) Solve the equation:
x t
2 j j e" " f(x —u,t —v)dudv = xe** — xe* (52)
00

Application of the Laplace-Elzaki transform to (52) next Using (42) and (48) gives
2LE(f (x,t) ** e*™*) = LE(xe*™*) — LE (xe*)

Or,
2 - p? p’ p’
_f (S,p) = 2 2
p s—-DA+p) (1+P)2(S—1) (s—1)
= 1p
f(s,p)= To25-1
If the inverse transform was applied on the last relation we obtain :
1
flt) =—7e
Which is the solution of (52).
(b) Solve the equation :
x t
j jf(x —u,t —v) f(u,v)dudv = a’t;a = const (53)
00

If we apply the Laplace-Elzaki transform on (53) and depend on (42) and (48) we obtain:
LE(f ** f) = LE(a’t)

3

FnfGp=at

4
2P

S

S| -

FGp] =a

So,

If we take the inverse transform then:

f(xrt) = =7
X

That s the solution of (53).

Laplace-Elzaki Transform and its Properties i
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4.6.2. Partial differential equations (PDE):

The nonhomogeneous PDE of second order and constant coefficients which have the form:
AUy, + buy + cu, + du, + eu(x, t) = f(x,t) (54)
Where @, b, ¢, d, e are constants, with initial and boundary conditions:
u(x,0) = f1(x) ,u(x,0) = f,(x) (55)
u(0,t) = f3(t) ,u,(0,t) = f,(t) (56)
Apply Laplace-Elzaki transform (U (S, p) = LE[u(x,t)]) with linearity and derivatives
properties to (54) to get:
aLE (uy,) + bLE (us) + cLE (uy) + dLE (u;) + eLE(uw) = LE(f (x, t))
Or,

a[szﬁ (s,p) — E(u(O, t)) - E(ux(o: t))]
1
+b [p—zﬁ (s,p) = L(u(x,0)) — pL(u(x, 0))]

+ c[sﬁ (s,p) — E(u(O, t))] +d [%17 (s,p) — pL(u(x, 0))] =f (s,p)

By using (55)and (56) we obtain :
b d _ _ _ _
<a52 + p_2+ cs + 5 + e)ﬁ (s,p) = asf;(p) + af,(p) + bfi(s) +

i +bpfo(s) + cf3(p) + epfi(s) + f (s,p)
Where f; (s) = L(u(x, 0)), f2(s) = L(u(x,0)), () = E(u(0,1)),
fa(@) = E(u, (0, ).

Simplify the last relation next apply the inverse Laplace-Elzaki transform to obtain the solution

u(x, t) of the given equation.

Example(1): solve the equation
Upy — Uge + U +9u = sin3x  (57)
With
u(x,0) = 0 ,u.(x,0) = sin3x (58)
u(0,t) = 0 ,u,(0,t) = 3t (59)
Application of the Laplace-Elzaki transform to (57), Laplace transform to (58) and Elzaki transform to
(59) give:
LE (uyy) — LE (ust) + LE (u;) + 9LE (u) = LE(sin3x)
Let LE (u(x, t)) = @ (s,p) and use (37),(39) and (40) then:
3p?
s2+9

_ 1 _ 1_ _
s (s,p) — 3p3 —?ﬂ (s,p) + +§ﬁ (s,p) +9u (s,p) =

s2+9
Or,

Laplace-Elzaki Transform and its Properties
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3

3p
s2+9

u(s,p)=
The inverse Laplace-Elzaki transform gives :

u(x, t) = tsin3x
Remark: Iff(x, t) = 0 in equation (54) then we called this PDE a homogeneous equation.

Example(2):Solve the equation
Uy + 22U +3u, =0 (60)
With
u(x,0) = 0 ,u,(x,0) = e 3* (61)
u(0,t) = t ,u,(0,t) = — 3t (62)
Apply the Laplace-Elzaki transform on (60), Laplace transform on (61) and Elzaki transform on (62),
next use (36), (39) and (40) to obtain:
LE(uy,) + 2LE (us) + 3LE(u,) =0
Let LE(u(x,t) = u (s,p) then,

_ 2 _ 2
s (s,p) — sp® + 3p3 +p—2ﬂ (s,p) . 3p3=0

s+3
Or,
2 _ 2
<52+p—2+35>ﬁ(s,p) = sp® — 3p? +s-|——p3+3p3
Or,
3
_ P
i(s,p) ~s+3

Applying inverse transform gives the solution :
u(x, t) = te™3*

Conclusion:

Two different single transforms were combined together to present a new double transform (LET), so
main properties and theorems were generalized with proofs to solve some integral and patial differential
equations. We concluded that (LET) was a powerful technique to deal with these kind of equations. Another
applications on integro-partial differential and nonlinear partial differential equations will be discussed in

Subsequent paper.
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