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Piecewise Linear Discontinuous Petrov Galerkin Method for Time Fractional

Diffusion Equations

Dr. Basheer Saleh Abdallah
Palestine Technical University-Kadoorie | Branch Ramallah | Palestine
Abstract: We propose and analyze piecwise linear discontinuous Petrov-Galerkin method in time combined with a
standard conforming finite element method in space for the numerical solution of time-fractional diffusion problems
of order 0 < 4 < 1. We prove the stability of the exact solution. The existence, uniqueness and stability of
approximate solutions will be proved. We employ a non-uniform mesh based on concentrating the cells near the
singularity. The advantage of employing a non-uniform mesh is improving the accuracy of the approximate solution.
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Numerical experiments indicate the error in Loo(0, T; LZ(Q))—norm is of order kK Y
denotes the maximum time steps and h is the maximum diameter of the elements of the (quasi-uniform) spatial
mesh and ¥ >0.
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1- Introduction
In this paper, we propose and analyze the time-stepping discontinuous Petrov-Galerkin (DPG) method for a time-

fractional diffusion model:

DYlHv(x,t) — Av(x, )= f () ina x (0,T] (1a)
¥=0 ondQ x (0,T] (1b)
V=g = g(x) on aQ (1c)

av
where Q is a convex polyhedral domain of R™ withn= 1,2,3 and n is the derivative in the direction of the exterior unit

normalnto ) X (0, T ] . Here CDl_ o< W<1,is the time fractional Caputo derivative of v defined by

CDIHy(x,t) = fot w,(t —s) v'(x,s)ds 2)
tHt
L’

Problems of the form (1) refers to a partial differential equation that arise various scientific applications , specifically in the

where w,(t) =

context of slow or a nomalous sub-diffusion [10, 15, 17, 18, 25, 27, 28]. This type of diffusion in systems is not characterized by a
standard diffusive process and can be influenced by the entire history of the density gradient. Several authors have considered
numerical methods for (1), see [7, 8,9, 26, 29, 33 ,38] and references therein. Moreover, various numerical methods have been applied
for the following alternative
representation of the fractional subdiffusion problem (1):
Vi(x,t) — D'7 “Av(x, t) = f(x,t)  inQx(0,T], 3)

1

1- . . . . . . . .
where D' “is a Riemann—Liouville fractional derivative defined by

a t
D *p(x,t) = El w(t — s)v(x,s)ds
0

see for example, [2, 3, 4,5, 6,12, 14, 16, 20, 21, 22, 23, 24, 30, 31, 34, 35,37] and the references therein. Practically, the two
representations are different ways of writing the same equation as they are equivalent under reasonable assumptions on the initial
dara, see [32]. However, the numerical methods obtained for each representation are formally different.

The main objective of the paper is to establish the well-posedness of the discontinuous

Petrov-Galerkin method combined with a standard conforming finite element method (DPGFE) method. In the analysis
presented in the paper, we utilize the positivity, coercivity continuity

properties of the fractional time derivative operator in an nonstandard manner. This will

play a crucial role to establish the existence, uniqueness and stability.

We also present implementation and numerical results which indicate the error in £.(0, 7 ; £,(€2))--norm of order
kmin(Y(l_B)‘Z) =+ hz, where k denotes the maximum time steps and h is the maximum diameter of the elements of the
(quasi-uniform) spatial mesh and y >0.

The outline of the paper is as follows. In section 2, we define some definitions and theorems used in the next sections.
Section 3 proves the stability of the exact solution.

Section 4 introduces a fully discrete DPG-FE scheme in addition to some notations. In Section 5, we prove our main results

regarding the well-posedness of the approximate solutions. In Section 6, we implement and present numerical example.

2- Preliminaries

Definition 2.1. [10]: If >0, then| His the Riemann—Liouville fractional integral defined by

IHv(D) = [y (t—s)v(s)ds with w, (O =ﬁ

Definition 2.2. [10]: ‘D F 1< L <n, is the fractional Caputo derivative definedby

DYv(x,t) =1 "D"™v(t) = fota) W (& —s)v™ (s)ds (4)
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Lemma 2.3 ([1],Discrete Gronwall’s Inequality) Let {Cj};-lzl and {dj}7:1 be sequences of non-negative numbers
_1+
with di < dy <, ..., < dj. Assume that, for @ = 0 and weights (Kq,...,kp_1) € R" 1 ,61 < dy, ¢ =
dj +a Z{;ll(kl Ci) ,j = 2,..,m. Then Cj < d]- exp( C Z{;llkl ),] = 2,...,n, where Rt is the set of
positive real numbers.

Lemma 2.4: [11] For 1 Sj < n, and the interval Ij et
wy vy € HE (1, L2(Q) o C(1), L2(RQ)). there holds
1. |ff0t”(CD1_”u(s),u’(s)) ds and max;; ||u;||=0, thenu=0

2. The continuity property: for any a>0
ft"(CDl_”u(s), v(s)))ds <
f (DY Hu(s),u'(s)))ds + ift(CDl_“v(s),v’(s))) ds with ¢ p=cos( un/2)

2C2

3. The coercivity property: Cy, f;n 1_%u(t) || dt < f (CDl “u(s) u (S)) ds (5)

where [l w I =1l w ll,.
Lemma 2.5. [10] If @ >0and >0, then
[FFHy = [ [y (6)
is satisfied at almost every point v € [0,T] for u € LP(O,T), T<p<e.
Lemma 2.6. /f0 < (<1, and vE H1(0, 7), then we have

2 2, 2" cp1-k
@I < IO + s imarm o [P So(o)||” de (7)

Proof Since v € H1(0, 7), then we have
W(2) = L0) + v (1)
and writing IV’ (t) as [V (t) = I~ Z‘U ()

and using (6) in lemma 2.5 and Cauchy Schwarz inequality, then

@Il < vl + ||[12¢D 5 v (o)

< WO+ g
2
1

s||v<0)||+< o2 d ) (llep v as) @

|CD1_%U(S) ” ds (8)

OFZ( )
SIIU(O)II+< A #> IN ||CD1—_1J(5)|| ds) (10)
SIIU(O)II+<(1_ :)lr_z?l_g))i ( |cp*%v(s) | ds) (11)

Squaring both sides of the inequality (11) and utilizing the geometric-arithmetic mean inequality , then we
obtain the desired result.

Inequality 2.7:[36](Green’s Inequality) Let U € C? andv € Cl, then

Jo Vuvv = [ Z—VdS— Jy Auvdx

a . . o
where % = n.Vu is the exterior normal derivative of uon T.
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3-

Stability of The Continuous Solution

In the next theorem , a stability property of the solution for problem (1) will be substantiated. More precisely, we find an

upper bound of Il U(t) ||1=|| V(t) ||H1 that depends on the initial data and the source function.

Theorem 3.1. We assume that f € H?! ([0, T]; LZ(Q)),and v(0) € H(l)(ﬂ) then, V € LOO((O, T), H(l)(.Q)) and

t
I v(@®) 13< €. Ve () 17 + 11 v(0) I +f I £'(s) I* ds
0

where C1 depends on {2 and H%(Q) = {U: v, v' € L, (.Q.) ,uon the boundary equat to ZeI'O}

and Lo, ((0,T); H§(9)) = {v: maxee(ory Il v(®) Iz}

Proof. By taking the inner product of the original problem with dv/dr, and use inequality2.7( Green'sformula)

and integrating over the interval [0, 7, we obtain

J €Dy (), v (5)) ds + f,(Vv(s), Vv’ (s))ds = [[{f(s),v'(s)) ds
(12)

By writing [, (Vu(s), Vv'(s))ds as
(), T s == [ 1) 12 ds =5 1900 12— 2 1 70(0) 1P
L( v(s), Vo' (s)) S—EL%II v(s) I? ds =5 11 Vo) I*=5 11 Vv(0) I

We notice that

Il Vu(t) 17— Il Vv(0) II*< 2

f (f(s), v’ (s)) ds
0

To bound the right hand side of the inequality, let's use integration by parts, then weobtain

f (), v () ds = (f (), v(6)) — (f (0), v(0)) — f (w(s), £'(s)) ds
0 0

and utilizing Cauchy-Schwarz inequality and the geometric-arithmetic mean inequality yields

t
j (F(s),v'(s)) ds
0

<l v(®) I £ 1+ v(0) 1 £(0) I + [IIF &) v(s)llds (13)
SCIF@NZ 41 £0) 1 v) I +% I Vu(t) I+ Cf Il f'(s) % ds
0

+ 251 Vu(s) 12 ds (14)
by writing

£ = £(0) + f £/(s) ds
0

We obtain

I Vo(t) II2<Il Vv(0) 17+ 3 1l £(0) 2+l v(0) II?
+4 L1 f'(s) 1% ds +§f0t I Vv 112 ds.

Hence, using the standard Gronwall’s inequality, we obtain

I Vo) IZ<Il Vv (0) I>+ 3 Il £(0) I*+1l v(0) |I2+4f I £'(s) II* ds
0
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The proof is completed now.

4- Time-Stepping DPG Method with Finite Element Method

To describe the time-stepping discontinuous Petrov-Galerkin (DPG)  method, we introduce nonuniform time
partition of the interval [0, T] given by the points: 0 < f, < 5 < .. < ty < T. We set = €, — €,,_1. The

maximum step-size is definedas Kk = MaXq<p<py Ky, - The supremum of the function u is defined as

lv(Oll;, = supt € In 1l v(©) I.
We assume that for a fixed parameter ) there holds

ek, < ki < Cyk, (15)

And

[N

1
c kt,' 7 <k, < C kt,' Y (16)

andty, < Cyty_qfor 2 < n < N Forinstance, these properties hold if t;, = (nMN)Y Tfor 0< n < N.

Next, to represent Finite Element Method (FEM) in space for one dimensional model problem , we start by dividing the
spatial domain () into M}, subintervals of equal length and define the following partition 0 < x5 < x; <...< X with
h=x;—x;_1,i=0,1,...,M}. For two dimensional Problem , the domain () is divided into smaller triangles to form
atriangular mesh. This process is known as triangulation and each triangle is considered as a finite element. Let’s denote R as the
diameter of triangle K with h = maxy, hK. After the that, we define the finite element space Sh as Sh C H1 denotes the
space of continuous, piecewise linear of degree r(" = 1)with respect to a quasi-uniform partition of Q into conforming triangular
finite elelments, with maximum diameter h. Next, we introduce the trial space

W(Sy) = (v € C([0, T;Sp) : v|l, € Pi(Sp), 1 < n < N}
and the test space
T(Sp) = (v € Ly((0,T );Sp): vll, € Py(Sp), 1 < n < N}

here P; (Sy,) denotes the space of polynomials of degree < 1 in the time variable t, with coefficients in Sp,. Now, we
are ready to define our numerical scheme. Following [[13], [19]], we define the DPG approximation V eWw (Sh) of the
solution vof problem (1) is now defined as follows: Find V€ W (S}) such that

[{EDYH Y (1), X(D) + [, (VV (D), VX(D) dt = [ (f(D), X () dt
(17)

forall X(t) € T (Sh) with V(0) = g(x) We notice that the approximate solution V' (x,t) is

piecewise linear in time with coefficients in Sh-

5-  Well-posedness of the fully discrete scheme

In this section, we will show the existence , uniqueness and the stability of the DPG solution. The following theorem
proves the existence and uniqueness of the numerical solution.

Theorem 5.1. The numerical solution V of ( 17) exists and is unique.

Proof. Since the operator —A possesses a complete orthonormal eigensystem {/1]' , 9]-};11 problem (17) can be reduced to
a finite linear algebraic equation on each subinterval In. To see this, let P1 be the space of piecewise linear function in time. If we now

take X (t) = 9]' on In and zero elsewhere in 17, then we find that

i DIV + 0, Vi(0)de = [ f(D)dt (18)

tn-1

forall j = 1 with V] = (V, ¢]> € P, and fj = <f, (]5]) Because of the finite dimensionality of

system (18) the existence of the scalar function U] follows from its uniqueness. Since the DPG solution is constructed element by
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element, it is enough to show the uniqueness on the first time interval [0, tl]- Thatis, it is enough to consider n =1in (18) (forn > 2
the proof is completely
analogous). To this end, let le and ij be two DPG solutions

on 1. By linearity, the difference Uj = ( le — ij )|I _then satisfies
]

L7 (CDYHU; + +2,U)de =0 V=1
(19)

with with VOJ =0. From 19, we have. From 19, we have

ftl (CDl_”Uj(t)) dt =0

by using lemma 2.4 and U]- 0 =0 , U]- 1= 0, we obtain Uj = 0onl0, t4].
This completes the proof.

The next theorem shows the stability of the DPG scheme.

Theorem 5.2. Suppose thatg € L,(Q), and f € L,(0,T; L2(Q)). Then, for 1 < n <N, the

DPG solution V of (17) satisfies the following property:

2
¢ty CDl‘%V(t)I dt+HIPVP< I £ 124+ T FO Mgl + (1 + k) I Vg 1P+

[ @R dt

Where ¢, = cos(um/2).

Proof. Taking the inner product of (17)with V ‘and zero elsewhere

JMEDITRY (), V! ()} ds — [{HAV(s), V! (s))ds = [{Mf(s).V'(s))ds  (20)

By using lemma2.3( Green’s formula), we obtain

[HEDYRY(5), V() ds + [, (WY (s), WV ())ds = [(F(s),V'(s)yds  (21)

Following the derivation used to obtain (14), we have

<I £ (&) 2+ F£C0) 1LV (0)

(F(), V() ds
0

tn 1 1 tn
I +f I F(S) 12 ds + 5 1 9V () I+ Zf YV (s) 17 ds
0 0

By using the equality

tn

1 1
(VW(s), VW' (s))ds =5 11 VV(t,) 12— 5 1V (o) 112
0
We obtain

tn
zf (ED17RV(s),V'(s))ds + || VV(t,) II?
0

S20f@)N2+21F0) N1V (0)
I +2f0n Il f'(s) I ds+% Il vV (t,) ||2+%f0n|| VW (s) I* ds

By using the inequality part(ii) in lemma (2.4) we have,

T . 2
2, JO [epr=5v| ae + nwveen 12

S20f @) NZ2+21FO) 1TV I +2 ™1 £/(s) 12 ds +5 1 WV (&) 17+
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2wV (s) 17 ds (22)

However, VI]- is alinear polynomial (in time) , so

1V 1, < max(|][v-1])

and hence,
tn n-1
f I vV () I> dt < Z k; (||VVJ'||2, ||vvf—1||2)
0 =
And hence,

n-1

t
12
[ 1w de < Yty g9V + 9V + i v
0 -
Jj=1

L1V 12 de < o, S k)|IVVI|” + kallOV™I2 + Ky IVVO)1? (23)

here in the last inequality we shifted the summation indices in the first term and
used the partition assumption kj+1 = Cykj, 1 < n < Nlnsert (23) in (22) and using the assumption

k,, is sufficiently small, then for 1 < n< N, we obtain
T 2
_H
26, [ [eprEr@ e + -k 1oV 1
0
tn

<20 F &) 12+2 1 £(O) I VO) I +zj

0

n—-1
I £(s) 1% ds + 2c, Z(kj)||vw‘||2
j=1
(24)
We multiply (24) by (1 — kn)_l, then we get
2
2¢,(1— k)71 [ dt +IIVV(t,) IP< 21— k)™ I f (6) 12 +
2= k) N FO) MV I +2(A — k)™ [ £ /() 12 ds + 2¢,(1 —
_ 12
k) T XP21 e [V | (25)

1B
1Dy, 7V ()

From (25), we have

| VV (&) 112
<2 —=Ik)™ I F (t,) 1 242(1 = k)~ HIFO) LIV O)I

2= k)TN F ) 12 ds + 2¢,(1— k)P EIE ) ||V (26)
Thus, by using lemma 2.3, we obtain
I VV(t,) II?
<2 =k)7NIF @&) 12+2(1 = k) HIfO) NIV )i

+2(1 = k)T [N 12 ds + 26,(1 = k) T exp(Z)2L (k)

Il VV (t,) II?
<2 =k Y £ (&) I 2+2(1 — k) HIFO) IV (O) I
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+2(A = k) [ F () 12 ds +2¢,(1— k) Texpk(1—K)™)  (27)
Subsituting (27) into (25)

u

40,01 - kn)_lf |ep*=5vo|" ae +1vv e 12
0

<201 =k)™TH I F (t) 1 242(1 = k) THIFO)IIIVO)I+2 (1 = k)71
fot" Il f'(s) 1> ds + 2¢,(1 — k) texp(k(1 —k)™") + 2¢,(1 — k)"t exp(k(1 — k)~!
(28)
by using lemma 2.6, (28) becomes
v e,
<2(1—k)7UI F (82 11 242(1 — k) THIFO) IHIV(O) I
+2(A =k )TN £ 12 ds + 20, (1— k) Fexp(e(1 — k)71 +
2¢,(1 — k) texp(k(1—k)*.

This completes the proof.

6- Implementations and numerical results.

This section implements the time-stepping DPG scheme and present asample of numerical results.

6-1Implementation

In this subsection, we discuss the implementation of the time-stepping DPG scheme. To do this, we define the

piecewise linear basis functions 01,0 5, ...,  of the finite dimensional trial space W (S},) as follows: for j=1,..., N—1,

t_tj—l
k—j for tEIj
@i(t) = { L+t for t€li,
Kjt1 J
0 elsewhere
t—1ty—q
_ or t€l
on(t) = { ky U N
0 elsewhere

To go on in our implementation, we reformulate the DPG scheme locally and obtain

th ,t tn
j j wy, (t = s)(V'(s), X(t))ds dt+f (V(t),X(t)) dt

tn

n-1

tn tn-1
[ " g@x@rae= [T [T w =906 x@)as de
tn—1 th-1v0
Forall XE T andforn=1,2,.N. Using
V() = SN a 0,(6)  with ag=0
And  X(t)=1 so, we have to solve

é (a, —a,_1,X(t)) ftt:_l f;_l w, (t — s)ds dt

tn-1

+é . ft;ﬂ((tn —t)an_q + (t = th_1)an_1, X)) dt

tn

o1 :
(FO, XY dt — Y (e —ay, X(D) J w, (¢ — s)ds dt
i=1 ' ti-1

jtn
t

n-1 th-1
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Forn=1,..N. Integrating

W2 (kn) k
~ @ — g, X(O) + S Ay a1, X ()
n
= fti"_l(f(t),X(t)) dt — Y wha; —a;_1, X (1)) (29)
Where
. tj
whtl = f WH (t —s)ds dt
tn-1 /tj_

1
=% [Wu+2 (tn—1 = ) = Wygo (bn — £) + Wyio (6 — tiq) — Wyyo (tq — ti—l)]
]

Therefore, we arrive the following system

2Ba + I'( u + 2)Da = 2I'( p + 2)F (30)
Where
[ k1 0 0 ] kp 0 -0 (ay, X () F1
B = |_k2ﬂ k2u | D = kz k2 a= (aZ;X(t)> F = F?
Lo . —ke* ket 0 .. ky ky (an, X(D) FN
And F" = ft” (f(t) X)) dt -y twni(a; —a;_4, X(t)) forn = 1,...,N.

M
Next, we let A, = Zi:l an,ltpl forn = 1, ...,N. , where lIJi are basis for Sh foralli="1,2, ., Mhand

choose

M
X= lbj forallj=1,2, ., n. We subsitute (replace A, = Zi=h1 anY; , X= l|Jj )in (1), we get

(k) O S
Wni2
%(Zan,iwi _Zan 1llIJl 'lIJ] )+ <Vzanl¢1 Vzan lll'pl 'VL'J] )
n i=1 i=1
Mp
- [ g@nxena- Z wJ <Z i = ) o L )
tn-1 i=1
or
ani1 —Ap-11 an1 + an-11
W2 (Kn) 4 An,2 _:an—1,2 k_n 5 an,2 +.an—1,2
kn
AnMy, — An-1,M, Anmp, T An-1,m,

_ f P @) dt |

n—1
a1 —a;_
n-1 L1 1-1,1

— j;tn (f(t), llJz) dt _ Z Wn’jA al,Z _Eal—l,z

n—-1
1=1 _
vy, — Ar—1,my,

f " O, by, ) dt

- tn—-1
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Where A = [(qli,lllj)]thMh CE = [(V, V)

MpXMp

So, we come to the following system

(24 + T'(u + 2)E;)Y = 2I'(u + 2)G

where
u I
A1=B®A=Ak?A kz.A .
0 . ky"A kytA
k.E 0 -0
k,E k,E
E, =D®E=|"2" .
0 e kNE kNE
_ al,l ~
al:Mh
az‘l Gl
: 2
Y = Az My, | G = G
GN
an1
AN, M},

_ tn -
j (O, ) dt

(al,l —a;-1,1, U1 )

tn _1
oro| | t@ua nig| (2= @22 )

- w
n-1

1= '
(al,Mh — My Wy, )

tn .
j ORIAY .

L tn—1

6-2 Numerical results
In this section, our objective is to validate the accuracy of the error estimates obtained from both the time-stepping
DPG scheme and spatial standard finite elements (continuous Galerkin) measured in £.(0, 7; £,(€2))-norm, for problems of
the form (1) when Au=u,, and £ =(0,1) and 7 = 1. To evaluate the errors, we introduce the
GP={t_,+nk/p: 1<j <N 0=<n=<p} (31)
(N is the number of time mesh subintervals). Thus, for large values of p, the error measure

11l1], = max | v(e) |

approximates the norm v "Loo- To compute the order of convergence with respect to the change in the number of

subintervals N, we use the following formula:
log(error(N(i — 1))/error(N(i))
log(N(i)/N@{ — 1))

where N()) = ZH(ZO). We assume that S, is piece-wise polynomial of degree 1.

Example: We choose the initial datum
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V(t) = (m?t™* + (2 — p))cos(mx) (32)

When T=1, u(t) = t1~# cos(mx) (33)

The numerical results in Tables 1,2 and 3 illustrate the global error bounded by
Ckmintr(1-1.2} for y > 1 which is optimal fory = 2/(1 — p)

In this phase of the study, we focus on evaluating the performance of the spatial finite elements discretizaton of (order
degree 2) of the scheme (17). We use a uniform spatial mesh consists of Nsubintervals and each is of width /. The time step-size
kand the degree of the time-stepping DPG discretization are chosen such that the spatial errors is dominating. Hence, we expect
from the numerical results to see convergence of order O(K’). We illustrated these resultsin tables (1-4).

Table 1. The errors |||V - V|||, for different time mesh gradings (that is, the DPG time stepping solution is piecewise linear) and

JL=0.3. We notice convergence of order k("M (=K ) for 1< Y<@)/(1- pforv="""cos(mx).

20 1.7085e-02 3.0361e-03 1.8404e-03

40 9.3866e-03 8.6402e-01 1.1761e-03 1.3682 4.7905e-04 1.9418

80 5.6166e-03 7.4090e-01 4.5015e-04 1.3855 1.2218e-04 1.9712
160 3.5276e-03 6.7101e-01 1.7161e-04 1.3912 3.0754e-05 1.9902
320 2.2044e-03 6.7834e-01 6.5184e-05 1.3966 7.3289e-06 2.0691

Table 2. The errors ||| V- V||4, for for different time partition gradings (that is, the DPG time stepping solution is

piecewise linear) and # =0.5. We observe the order of convergence is K (=K )for1< y<2)A1- m)

for v=1t'"* cos(mx) .

20 6.2848e-02 8.7184e-03 2.4507e-03

40 4.2693e-02 5.5785e-01 3.4681e-03 1.3299 6.3094e-04 1.9576
80 2.8739e-02 5.7099e-01 1.4740e-03 1.2344 1.5997e-04 1.9797
160 1.9271e-02 5.7658e-01 6.2291e-04 1.2427 4.0192e-05 1.9928
320 1.2919e-02 5.7691e-01 2.6249e-04 1.2468 9.7798e-06 2.0390

Table 3. The errors ||| V~V|||1, for different time mesh gradings (that is, the DPG time stepping solution is

piecewise linear) and 4 =0.7. We observe the rate of convergence is A (= K7 )for1<y<(2)A1- u)for

u=r"* cos(mx) .

10 2.1885e-01 4.7137e-02 2.0476e-02

20 1.7877e-01 2.9180e-01 1.9397e-02 1.2810 5.2977e-03 1.9505
40 1.4416e-01 3.1047e-01 8.0112e-03 1.2758 1.3284e-03 1.9957
80 1.1576e-01 3.1649e-01 3.3728e-03 1.2481 3.3452e-04 1.9895
160 9.2773e-02 3.1938e-01 1.4427e-03 1.2251 8.4046e-05 1.9928

Table 4. The errors ||| V= V||, for different time mesh gradings with 2 =0.3. We notice the rate of

. 2
convergencelis h

‘
X

Error convergence

4 2.3444e-02

6 5.8908e-03 1.9927
8 1.4663e-03 2.0063
10 3.3120e-04 2.1464
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7- Conclusion

Number of time steps N
Y23

cos(7Tx) .

We proved the stability for the exact solution and the approximate solution. For time discretization we used non-

uniform mesh and obtained the order of convergence

obtained the order of convergence O(hz).

0(/2(17 ﬂ)). For space discretization we used uniform mesh and
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