
Arab Journal of Sciences  

and Research Publishing 

Volume (8), Issue (4): 30 Dec 2022 

 P: 111 - 122 
 

ISSN: 2518-5780 

 العربي  لةعةومجلة  الم

 اثــــحـر الأبـــــــشــون
 م 2022 ديسمبر 30 :(4) العدد (،8) المجلةد

 122 - 111 :ص

 

DOI: https://doi.org/10.26389/AJSRP.J031022   (111) https://www.ajsrp.comAvailable at:  
 

Rationalized Haar Series for Approach Homogeneous and Non-

Homogeneous State Equations 

Khalid Hadi Hameed Al-Jourany 

Al-Muqdad College of Education || University of Diyala || Iraq 

Abstract: In this paper, we give a new approximate solution method to homogeneous and non-homogeneous state 

equations using rationalized Haar functions. Integration operational matrix of rationalized Haar functions are used to 

convert the computation of homogeneous and non homogeneous state equations to a simple system of algebraic 

equations. By using the method (based on Matlab programming) on numerical analysis examples, we show that our 

method has high degree of accuracy. 
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 متسةسلات هار النسبي  لتقريب معادلات الحال  المتجلانس  وغير المتجلانس 

 خالد هادي حميد الجوراني

 العراق || جامعة ديالى || كلية التربية المقداد

في هذا البحث نعطي طريقة حل تقريبي جديدة لمعادلات الحالة المتجانسة وغير المتجانسة باستخدام دوال هار النسبية. يتم  المستخةص:

استخدام المصفوفة التشغيلية للتكامل لدوال هار النسبية لتحويل حساب معادلات الحالة المتجانسة وغير المتجانسة الى نظام بسيط 

القائمة على برمجة الماتلاب( على أمثلة التحليل العددي نظهر أن طريقتنا تمتلك درجة عالية ) ستخدام الطريقةمن المعادلات الجبرية. با

 من الدقة.

 ضرب كرونكر. تكامل، العملياتصفوفات م، معادلات الحالة المتجانسة وغير المتجانسة، دوال هار النسبية الكةمات المفتاحي :

1. Introduction. 

In this paper we solve the state equations of linear time invariant (LTI) system [10] as: 

[
 
 
 
 
�̇�𝟏 (𝑡)
�̇�𝟐 (𝑡)
�̇�𝟑 (𝑡)
⋮

�̇�𝒏 (𝑡)]
 
 
 
 

=

[
 
 
 
 
𝑎11 𝑎12 𝑎13  ⋯ 𝑎1𝑛
𝑎21 𝑎22 𝑎23  ⋯ 𝑎2𝑛
𝑎31 𝑎32  𝑎33  ⋯ 𝑎3𝑛

⋮   ⋮  ⋮  ⋮  ⋮
𝑎𝑛1 𝑎𝑛2 𝑎𝑛3  ⋯ 𝑎𝑛𝑛]

 
 
 
 

[
 
 
 
 
𝒙𝟏(𝑡)

𝒙𝟐(𝑡)

𝒙𝟑(𝑡)
⋮

𝒙𝒏(𝑡)]
 
 
 
 

+

[
 
 
 
 
𝑏11 𝑏12 𝑏13  ⋯ 𝑏1𝑟
𝑏21 𝑏22 𝑏23  ⋯ 𝑏2𝑟
𝑏31 𝑏32  𝑏33  ⋯ 𝑏3𝑟

⋮   ⋮  ⋮  ⋮  ⋮
𝑏𝑛1 𝑏𝑛2 𝑏𝑛3  ⋯ 𝑏𝑛𝑟]

 
 
 
 

[
 
 
 
 
𝑢1 (𝑡)
𝑢2 (𝑡)
𝑢3 (𝑡)
⋮

𝑢𝑟  (𝑡)]
 
 
 
 

  

�̇�(𝑡) = 𝑨𝒙(𝑡) + 𝑩𝒖(𝑡)        ... (1) 

Where,  
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�̇�(𝑡): is the vector function with 𝑛 components 𝒙𝒊(𝑡); 𝒙𝟏(𝑡), 𝒙𝟐(𝑡), 𝒙𝟑(𝑡), . . . , 𝒙𝒏(𝑡): 

the state variables; 𝒖𝟏(𝑡), 𝒖𝟐(𝑡), 𝒖𝟑(𝑡), . . . , 𝒖𝒓(𝑡): the inputs system; 𝑨 is an 𝑛 × 𝑛 square 

matrix of the constant coefficients 𝑎𝑖𝑗  and 𝑩 is an 𝑛 × 𝑟 matrix of the constant coefficients 𝑏𝑖𝑗  that 

weights the inputs.If 𝑨 is a constant matrix and input control forces are zero then the eq. (1) takes the 

form 

�̇�(𝑡) = 𝑨𝒙(𝑡)... (2) 

Such an equation is called homogeneous equation. The exact solution of eq. (2) is: 

𝒙(𝑡) = 𝑒𝑨𝑡𝒙 (0) 

If 𝑨 is a constant matrix and matrix 𝒖(𝑡) is non-zero vector then the equation takes normal 

form as,  

�̇�(𝑡) = 𝑨𝒙(𝑡) + 𝑩𝒖(𝑡) 

Such an equation is called non homogeneous equation. The exact solution of eq. (2) is: 

𝒙(𝑡) = 𝑒𝑨𝑡𝒙(0) + ∫ 𝑒𝑨(𝑡−𝜏)𝑩𝒖(𝜏)𝑑𝜏
𝑡

0

 

LTI system was studied, analyses, and solved in many authors based on the orthogonal functions, 

orthogonal polynomials and Fourier series, see [1, 3-5, 9, 12-13, 17]. Gu, Y and Zhu, Y[7], were used Haar 

wavelet transformation in optimal control problem to transform the proposed problem into an 

approximate uncertain optimal control problem with arbitrary accuracy because the dimension of Haar 

basis tends to infinity. In [14] Haar wavelet collocation method was used to obtain the numerical solution 

of linear Volterra and Fredholm integral equations. In this work we will give a general numerical solution 

for the homogeneous and non-homogeneous state equations. The new approach is much simpler in 

theory and more suitable for digital computation.  

Ohkita M. and Kobayashi Y.[16] were first studied the rationalized Haar functions with their 

application in solution of linear differential equations. The rationalized Haar functions have been widely 

applied in: numerical technique for solving the classical brachistochrone problem in the calculus of 

variations[15], obtain eigenvalues of fractional Strum-Liouville problem [6], numerical solution of non-

linear second kind two-dimensional integral equations[2], solve three dimensional non-linear Fredholm-

integral equations[11]. 

Study problem: 

The study problem can be formulated by the following questions: 

1- Can the concept of rationalized Haar functions be used, studied and analysis to obtain the numerical 

general approach solution for solving homogeneous and non homogeneous stat equations? 
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2- It is possible to find the integral operational matrix of rationalized Haar functions in terms of integral 

operational matrix of Block pulse functions? 

3- It can be able to generally this method into any orthogonal functions rather than rationalized Haar 

functions? 

4- How to characterization the approximation solution via rationalized Haar functions? 

Study supposal: 

Our study in this paper will be related to define the rationalized Haar functions with their integral 

operational matrix, representation of any square function f (t) in terms of rationalized Haar series, as well 

as applied rationalized Haar series in compute the numerical solution of homogeneous and non 

homogeneous state equations. Finally some examples are considered to explain our method. The place 

and time of the study was in June of this year at the college of engineering – department of control system 

in university of Diyala.  

Important of the study: 

This work can be classified into three important of the study, first it can be used another 

representation method for computing inegrational operational rationalized Haar matrix based on Block 

pulses functions. Second it is presentation the numerical solution of homogeneous and non 

homogeneous state equations. Finally, the method shown that there are very close values between the 

exact solution and the approximation method. 

Study methodology. 

Our work composed of many information, results which related to our goal for instance discuses, 

study and analysis of rationalized Harr functions. The Matlab programming used to compute the 

approximation solution compared with the exact solution, this is shown in some examples in our paper.  

2. Rationalized Haar Functions (RHF). 

The rationalized Haar functions consists of the following functions, [16]:  

𝑹𝑯(0, 𝑡) = 1, ∀ 𝑡, 𝑡 ∈ [0, 1) 

𝑹𝑯(1, 𝑡) = {
1 𝑡 ∈ [0, 1/2)
−1 𝑡 ∈ [1/2, 1)
0 𝑜. 𝑤.

} , 𝑹𝑯(2, 𝑡) = {
1 𝑡 ∈ [0, 1/4)
−1 𝑡 ∈ [1/4, 1/2)
0 𝑜.𝑤.

},  

𝑹𝑯(3, 𝑡) = {
1 𝑡 ∈ [1/2, 3/4)
−1 𝑡 ∈ [3/4, 1)
0 𝑜. 𝑤.

} , 𝑹𝑯(4, 𝑡) = {
1 𝑡 ∈ [0, 1/8)
−1 𝑡 ∈ [1/8, 1/4)
0 𝑜.𝑤.

},  
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𝑹𝑯(5, 𝑡) = {
1 𝑡 ∈ [1/4, 3/8)
−1 𝑡 ∈ [3/8, 1/2)
0 𝑜.𝑤.

} , 𝑹𝑯(6, 𝑡) = {
1 𝑡 ∈ [1/2, 5/8)
−1 𝑡 ∈ [5/8, 3/4)
0 𝑜. 𝑤.

} 

𝑹𝑯(7, 𝑡) = {
1 𝑡 ∈ [3/4, 7/8)
−1 𝑡 ∈ [7/8, 1)
0 𝑜. 𝑤.

} 

In general: 

𝑹𝑯(𝑖, 𝑡) = {

1 𝑡 ∈ [𝐼1, 𝐼1/2)

−1 𝑡 ∈ [𝐼1/2, 𝐼0)

0 𝑜.𝑤.

}      

Where, 𝐼𝑣 =
𝑟−𝑣

2𝑛
, 𝑣 = 0, 1/2, 1 and 𝑖 = 2𝑛 + 𝑟 − 1, 𝑛 = 0, 1, 2, . . . , 𝑟 =

1, 2, . . . , 2𝑛.  
Remark: Rationalized Haar functions are belong to class of complete orthonormal systems in 

Hilbert space 𝐿2[0, 1], [16].  

It can be assembled RHF as a square matrix of order 𝑚 by dividing the closed interval [0, 1] into 

𝑚 subintervals with length 1/𝑚, where 𝑚 = 2𝑙 , for some 𝑙 ∈ 𝑁 = {1, 2, 3, . . . }. We denote the 

collection points by:𝑡𝑠 =
2𝑠−1

2𝑚
, where 𝑠 = 1, 2, 3, . . . , 𝑚 and  

𝑹𝑯𝑐(𝑡) = [𝑹𝑯 (𝑐,
1

2𝑚
) 𝑹𝑯(𝑐,

3

2𝑚
)  𝑹𝑯(𝑐,

2𝑠 − 1

2𝑚
) . . . 𝑹𝑯 (𝑐,

2𝑚 − 1

2𝑚
) ] 

Where, 𝑐 = 0, 1, 2, . . . , 𝑚 − 1: 

𝑹𝑯𝑚(𝑡) =

[
 
 
 
 
𝑹𝑯0(𝑡)

𝑹𝑯1(𝑡)

𝑹𝑯2(𝑡)
⋮

𝑹𝑯𝑚−1(𝑡)]
 
 
 
 

    . . . (3) 

=

 

[
 
 
 
 
 
 
 
  𝑹𝑯(0,

1

2𝑚
)        𝑹𝑯(0,

3

2𝑚
)     𝑹𝑯(0,

2𝑠−1

2𝑚
) . . .  𝑹𝑯 (0,

2𝑚−1

2𝑚
)

 𝑹𝑯(1,
1

2𝑚
)        𝑹𝑯(1,

3

2𝑚
)     𝑹𝑯(1,

2𝑠−1

2𝑚
) . . .  𝑹𝑯 (1,

2𝑚−1

2𝑚
)

 𝑹𝑯(2,
1

2𝑚
)        𝑹𝑯(2,

3

2𝑚
)     𝑹𝑯(2,

2𝑠−1

2𝑚
) . . .  𝑹𝑯 (2,

2𝑚−1

2𝑚
)

 𝑹𝑯(3,
1

2𝑚
)        𝑹𝑯(3,

3

2𝑚
)     𝑹𝑯(3,

2𝑠−1

2𝑚
) . . .  𝑹𝑯 (3,

2𝑚−1

2𝑚
)

⋮           ⋮       ⋮        ⋮     ⋮

𝑹𝑯(𝑚 − 1,
1

2𝑚
)    𝑹𝑯(𝑚 − 1,

3

2𝑚
)    𝑹𝑯(𝑚 − 1,

2𝑠−1

2𝑚
) . . . 𝑹𝑯 (𝑚 − 1,

2𝑚−1

2𝑚
)]
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Where, 𝑹𝑯𝑚(𝑡) is called the rational Haar matrix of order 𝑚 = 2𝑙 , for some 𝑙 ∈ 𝑁 and 

𝑹𝑯0(𝑡), 𝑹𝑯1(𝑡), . . . , 𝑹𝑯𝑚−1(𝑡) are the rationalized Haar vectors. For example, consider the 

rationalized Haar matrices of order 2, 4, and 8 respectively:  

𝑹𝑯2(𝑡) = [
1 1
1 −1

] 

𝑹𝑯4(𝑡) = [

1 1 1  1
1
1
0

 1
−1
0

−1
 0
1

−1
 0
−1

] 

𝑹𝑯8(𝑡) =

[
 
 
 
 
 
 
 
1 1 1
1 1 1
1 1 −1

1  1 1  1  1
1  −1  −1 −1 −1
−1  0  0  0  0

0 0 0
1 −1 0
0
0
0

0
0
0

1
0
0

  0  1 1 −1  −1
 0 0 0  0 0
−1  
0 
0 

0 
1 
0 

 0  0  0
−1  0 0
0 1   −1 ]

 
 
 
 
 
 
 

 

Definition (2.2): A spectrum function 𝑓 (𝑡) over the interval [0, 1), can be expanded in a rationalized 

Haar functions series with an infinite number of terms [16]:  

𝑓(𝑡) = ∑ 𝛼𝑖𝑹𝑯 (𝑖, 𝑡)
∞
𝑖=0    ... (4) 

Where, 𝑹𝑯 (𝑖, 𝑡) are the rationalized Haar functions and the rationalized Haar coefficients can 

be written as: 

𝛼𝑖 =
1

𝛾𝑖
∫ 𝑓(𝑡)𝑹𝑯(𝑖, 𝑡)𝑑𝑡
1

0
   ... (5) 

Where, 𝛾𝑖 = ∫ 𝑅𝐻(𝑖, 𝑡)𝑅𝐻(𝑖, 𝑡)𝑑𝑡 = 2−𝑛
1

0
 are called the normalized factors for RHF's.  

Definition (2.3): The n-th degree rationalized Haar functions approximation of an arbitrary 

function 𝑓(𝑡) over [0, 1] is represented by 

𝑓(𝑡) = ∑ 𝛼𝑖𝑹𝑯(𝑖, 𝑡) = 𝜶
𝑻𝑚−1

𝑖=0 𝑹𝑯𝑚 (𝑡) . .. (6) 

Where, 𝜶𝑻 = [ 𝛼0 𝛼1 𝛼2 . . . 𝛼𝑚−1] is called the coefficients vector and 𝑹𝑯𝑚(𝑡) =

[𝑹𝑯0(𝑡) 𝑹𝑯1(𝑡) 𝑹𝑯2(𝑡). . . 𝑹𝑯𝑚−1(𝑡)] is the rationalized Haar vector. 
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3. Integration Operational Matrix For RHF's. 

The approximation of the integral of a rationalized Haar vector 𝑹𝑯𝑚(𝑡) in eq. (3) can be 

represented mathematically as: 

∫ 𝑹𝑯𝑚 (𝑥)𝑑𝑥 ≈ 𝑬𝑚𝑹𝑯𝑚 (𝑡)
𝑡

0
 . . . (7) 

Where, 𝑬𝑚  is called a 𝑚 ×𝑚 square operational matrix of integration uniquely determined by 

𝑹𝑯𝑐(𝑡), Where, 𝑐 = 0, 1, 2, . . . , 𝑚 − 1, which is given as: 

𝑬𝑚 = 𝑹𝑯𝑚 (𝑡)𝑬𝑚
∗  (𝑹𝑯𝑚(𝑡))

−1 . .. (8) 

Where,  

𝑬𝑚
∗ =

1

𝑚

[
 
 
 
 
 
 
1

2
 1 1. . . 1

0 
1

2
 1. . . 1

0 0 
1

2
. . . 1

⋮ ⋮ ⋮ . . . ⋮
 0 0 0. . . 1/2]

 
 
 
 
 
 

 ... (9) 

𝑬𝑚
∗  is called the operational square matrix for Block pulse functions, [18]. It can be noted that eq. 

(8) was computed as Wu, [18] sense in integration operational matrix for orthogonal bases vector based 

on 𝑬𝑚
∗ . For example, consider the operational matrices for rationalized Haar functions of order 4 and 8 

respectively: 

𝑬4 = [
0.5000 − 0.2500 − 0.1250 − 0.1250
0.2500  0.0000 − 0.1250  0.1250
0.0625  0.0625  0.0000  0.0000

] 

𝑬8 =

[
 
 
 
 
 
 
 
0.5000 − 0.2500 − 0.1250 − 0.1250 − 0.0625 − 0.0625 − 0.0625 − 0.0625

0.2500  0.0000 − 0.1250  0.1250 − 0.0625 − 0.0625  0.0625  0.0625
 0.0625  0.0625  0.0000  0.0000 − 0.0625  0.0625  0.0000   0.0000
0.0625  − 0.0625   0.0000  0.0000  0.0000   0.0000 − 0.0625  0.0625
0.0156  0.0156   0.0313   0.0000   0.0000   0.0000   0.0000   0.0000
0.0156  0.0156 −  0.0313   0.0000   0.0000   0.0000   0.0000   0.0000
0.0156 − 0.0156   0.0000  0.0313   0.0000   0.0000   0.0000   0.0000
0.0156 − 0.0156  0.0000 − 0.0313   0.0000   0.0000   0.0000   0.0000 ]

 
 
 
 
 
 
 

 

4. Main Result. 

4.1.Homogeneous State Equations: 

We would like to established a procedure to solve the homogeneous state equations via the 

rationalized Haar series, let rewrite �̇�(𝑡) in terms of rationalized Haar functions as: 
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[
 
 
 
 
�̇�1 (𝑡)
�̇�2 (𝑡)
�̇�3 (𝑡)
⋮

�̇�𝑑  (𝑡)]
 
 
 
 

=

[
 
 
 
 
𝛼10 𝛼11 𝛼12  ⋯ 𝛼1 (𝑚−1)
𝛼20 𝛼21 𝛼22  ⋯ 𝛼2 (𝑚−1)
𝛼30 𝛼31 𝛼32  ⋯ 𝛼3 (𝑚−1)

⋮   ⋮  ⋮  ⋮    ⋮
𝛼𝑑0 𝛼𝑑1 𝛼𝑑2  ⋯ 𝛼𝑑 (𝑚−1)]

 
 
 
 

[
 
 
 
 
𝑹𝑯0(𝑡)

𝑹𝑯1(𝑡)

𝑹𝑯2(𝑡)
⋮

𝑹𝑯𝑚−1(𝑡)]
 
 
 
 

 ... (10) 

Where, 𝛼𝑖𝑗 , 𝑖 = 1, 2, 3, . . . , 𝑛, 𝑗 = 0, 1, 2, . . . , 𝑚 − 1 are constant to be determined. 

Eq. (10) can be also written by: 

�̇�(𝑡) =

[
 
 
 
 
 
∝𝟏
𝑻

∝𝟐
𝑻

∝𝟑
𝑻

⋮
∝𝒅
𝑻]
 
 
 
 
 

𝑹𝑯𝑚(𝑡) =∝ 𝑹𝑯𝑚 (𝑡) . .. (11) 

Now, integrate eq. (11) on [0, 𝑡), we obtain: 

𝒙(𝑡) − 𝒙(0) =∝ ∫ 𝑹𝑯𝑚 (𝑥)𝑑𝑥
𝑡

0

 

Then, by using eq. (7), we get 

𝒙(𝑡) − 𝒙(0) =∝ 𝑬𝑚𝑹𝑯𝑚 (𝑡) 

𝒙(𝑡) =∝ 𝑬𝑚𝑹𝑯𝑚(𝑡) + 𝒙(0)  ... (12) 

Substituting eq. (11) and eq. (12) into eq. (2), yields  

∝ 𝑹𝑯𝑚(𝑡) = 𝑨 (∝ 𝑬𝑚𝑹𝑯𝑚(𝑡) + 𝒙(0)) 

∝ 𝑹𝑯𝑚(𝑡) = 𝑨 ∝ 𝑬𝑚𝑹𝑯𝑚(𝑡) + 𝑨𝒙(0) 

Where, 𝑨𝒙(0) can be written as a form of vector, or  

𝑨𝒙(0) = 𝑨𝒙(0)𝑹𝑯0(𝑡) = [𝑨𝒙(0) 0 0 . . . 0]⏟    
(𝑚−1)𝑐𝑜𝑙𝑢𝑚𝑛

𝑹𝑯𝑚(𝑡) = 𝑮𝑹𝑯𝑚(𝑡) 

Finally, we have: 

∝= 𝑨 ∝ 𝑬𝑚 + 𝑮 . .. (13) 

And solving for ∝ we get  

[
 
 
 
 
∝1
∝2
∝3
⋮
∝𝑚]
 
 
 
 

= [𝐼 − 𝑨⊗ 𝑬𝑚
𝑇 ]−1

[
 
 
 
 
𝐺1
𝐺2
𝐺3
⋮
𝐺𝑚]
 
 
 
 

 ... (14) 
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Where, 𝐺1 is the first column of 𝑮 and 𝐺2 is the second column of 𝑮, ..., etc., with 𝐼 is the 

identity matrix and 𝑨⊗𝑬𝑚
𝑇  is the Kronecker product defined as: 

𝑨⊗𝑬𝑚
𝑇 = [

𝑒11𝑨 𝑒21𝑨 . . . 𝑒𝑚1𝑨
𝑒12𝑨 𝑒22𝑨 . . . 𝑒𝑚2𝑨

⋮  ⋮   . . .  ⋮
𝑒1𝑚𝑨 𝑒2𝑚𝑨 . . . 𝑒𝑚𝑚𝑨

]. .. (15) 

After ∝ is determined the solution �̇�(𝑡) is obtained. The solution 𝒙(𝑡) is easily found by 

substituting ∝ into eq. (12). 

Note: For more information and properties of Kronecker term with their applications, see[18].  

Example (1): Consider the following homogeneous state equations (Free system example): 

�̇�(𝑡) = −4𝒙(𝑡)    𝒙(0) = 1 

We should like to get the solution by the rationalized Haar series approach. Table (1) and table (2) 

shown the exact solution and approximation solutions in term of rationalized Haar series of order 4 and 

order 8. 

Table (1): The comparison of exact solution and rationalized Haar series when 𝒎 = 𝟒. 

Time (t) 
Exact solution 

𝒙𝟏(𝒕) = 𝒆
−𝟒𝒕 

Approximate solution 

𝒙𝟏(𝒕) 

Error =|Exact-

𝒙𝟏(𝒕)| 

1/8 0.6065 0.6666 0.0601 

3/8 0.2231 0.2222 0.0009 

5/8 0.0821 0.0741 0.0080 

7/8 0.0302 0.0247 0.0055 

Table (2): The comparison of exact solution and rationalized Haar series when 𝒎 = 𝟖. 

Time (t) 
Exact solution 

𝒙𝟏(𝒕) = 𝒆−𝟒𝒕 

Approximate solution 

𝒙𝟏(𝒕) 

Error =|Exact-

𝒙𝟏(𝒕)| 

1/16 0.7788 0.8000 0.0212 

3/16 0.4724 0.4800 0.0076 

5/6 0.2865 0.2880 0.0015 

7/16 0.1738 0.1728 0.0010 

9/16 0.1054 0.1036 0.0018 

11/16 0.0639 0.0622 0.0017 

13/16 0.0388 0.0374 0.0014 

15/16 0.0235 0.0224 0.0011 

We see that from table (1) and table (2) the rationalized Haar solution approximate to the exact 

solution when 𝑚 is increasing, as well as error values are inversely proportional to 𝑚.  
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4.2Non-Homogeneous State Equations: 

Let us consider the non homogeneous state equations which are described in eq. (1) by: 

�̇�(𝑡) = 𝑨𝒙(𝑡) + 𝑩𝒖(𝑡)  𝒙(0) = 𝒙0   

Where, 𝒙 (𝑡) is a state vector of 𝑑-components and 𝒖(𝑡) is an input vector of 𝜇 – 

components, 𝑨 and 𝑩 are 𝑑 × 𝑑 and 𝑑 × 𝜇 matrices respectively. We would like to establish a 

procedure to solve the non homogeneous state equations via the rationalized Haar series. For solving this 

problem, let the input vector 𝒖(𝑡) can be expanded by the rationalized Haar series: 

𝒖(𝑡) =

[
 
 
 
 
𝑢10 𝑢11 𝑢12  ⋯ 𝑢1 (𝑚−1)
𝑢20 𝑢21 𝑢22  ⋯ 𝑢2 (𝑚−1)
𝑢30 𝑢31 𝑢32  ⋯ 𝑢3 (𝑚−1)

⋮   ⋮  ⋮  ⋮    ⋮
𝑢𝜇0 𝑢𝜇1 𝑢𝜇2  ⋯ 𝑢𝜇 (𝑚−1)]

 
 
 
 

[
 
 
 
 
𝑹𝑯0(𝑡)

𝑹𝑯1(𝑡)

𝑹𝑯2(𝑡)
⋮

𝑹𝑯𝑚−1(𝑡)]
 
 
 
 

= 𝑼𝑹𝑯𝑚(𝑡) ... (16) 

Where, 𝑼 is a known 𝜇 × 𝑚 constant matrix. Substituting eq. (11), eq. (16) and eq. (12) into eq. 

(1), yields  

∝ 𝑹𝑯𝑚(𝑡) = 𝑨(∝ 𝑬𝑚𝑹𝑯𝑚(𝑡) + 𝒙(0))𝑩𝑼𝑹𝑯𝑚(𝑡) 

∝ 𝑹𝑯𝑚(𝑡) = 𝑨 ∝ 𝑬𝑚𝑹𝑯𝑚(𝑡) + 𝑨𝒙(0) +  𝑩𝑼𝑹𝑯𝑚(𝑡) 

Finally, we get 

∝= 𝑨 ∝ 𝑬𝑚 + 𝑮+ 𝑩𝑼 

∝= 𝑨 ∝ 𝑬𝑚 +𝑸  . .. (17) 

Where, 𝑸 = 𝑮 + 𝑩𝑼. By using the Kroncker product eq. (17) becomes: 

[
 
 
 
 
∝1
∝2
∝3
⋮
∝𝑚]
 
 
 
 

= [𝐼 − 𝑨⊗𝑬𝑚
𝑇 ]−1

[
 
 
 
 
𝑞1
𝑞2
𝑞3
⋮
𝑞𝑚]
 
 
 
 

 

Where, 𝑞1 is the first column of  ; 𝑞2 is the second column of 𝑸, ..., etc. After ∝ is determined the 

solution �̇�(𝑡) is obtained. The solution 𝒙(𝑡) is easily found by substituting ∝ into eq. (12) 

𝒙(𝑡) =∝ 𝑬𝑚𝑹𝑯𝑚(𝑡) + 𝒙(0)  ... (18) 

Eq. (18) is an approximation solution of eq. (1) via rationalized Haar functions. 

Example (2): Consider the following non homogeneous state equations, [10]: 

[
�̇�1 (𝑡)
�̇�2 (𝑡)

] = [
−1 −0.5
1 0

] [
𝒙1 (𝑡)
𝒙2 (𝑡)

] + [
0.5
0
] 𝑢 (𝑡) 
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With the initial conditions: [
𝒙1 (0)
𝒙2 (0)

] = [
0
0
], where 𝒖 (𝑡) is the unite-step input: 

𝒖(𝒕) = {
𝟎 𝒊𝒇 𝒕 < 𝟎
𝟏 𝒊𝒇 𝒕 ≥ 𝟎

 

.The exact solution is  

[
𝒙1 (𝑡)
𝒙2 (𝑡)

] = [
𝑒−0.5𝑡sin  (0.5𝑡)

−𝑒−0.5𝑡 (cos  (0.5𝑡 + sin(0.5𝑡)) + 1
] 

By using the above steps in solution of non-homogeneous via rationalized Haar functions, we 

have the following tables: 

Table (3): The exact and approximation solution of non-homogeneous system example (2) with 

𝒎 = 𝟒. 

Time 
Exact Solution 

𝒙𝟏(𝒕) 

Approximate solution 

𝒙𝟏(𝒕) 
Error =|Exact-𝒙𝟏(𝒕)| 

1/8 0.0587 0.0552 0.0035 

3/8 0.1545 0.1518 0.0027 

5/8 0.2249 0.2230 0.0019 

7/8 0.2735 0.2723 0.0012 

 

Time 
Exact Solution 

𝒙𝟐(𝒕) 

Approximate solution 

𝒙𝟐(𝒕) 
Error =|Exact-𝒙𝟐(𝒕)| 

1/8 0.0037 0.0069 0.0032 

3/8 0.0310 0.0328 0.0018 

5/8 0.0789 0.0796 0.0007 

7/8 0.1416 0.1415 0.0001 

Table (4): The exact and approximation solution of non-homogeneous system example (2) with 

𝒎 = 𝟖. 

Time 
Exact Solution 

𝒙𝟏(𝒕) 

Approximate 

Solution 

𝒙𝟏(𝒕) 

Error =|Exact-

𝒙𝟏(𝒕)| 

Exact 

Solution 

𝒙𝟐(𝒕) 

Approximate 

Solution 

𝒙𝟐(𝒕) 

Error =|Exact-

𝒙𝟐(𝒕)| 

1/16 0.0303 0.0194 0.0009 0.0010 0.0018 0.0008 

3/16 0.0852 0.0844 0.0008 0.0083 0.0090 0.0007 

5/16 0.1331 0.1324 0.0007 0.0220 0.0224 0.0004 

7/16 0.1744 0.1738 0.0006 0.0413 0.0416 0.0003 

9/16 0.2095 0.2090 0.0005 0.0653 0.0655 0.0002 

11/16 0.2390 0.2386 0.0004 0.0934 0.0935 0.0001 

13/16 0.2632 0.2629 0.0003 0.1248 0.1249 0.0001 

15/16 0.2827 0.2825 0.0002 0.1590 0.1589 0.0001 
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5. Conclusion.  

A rationalized Haar function method for solving the state equations of linear time invariant 

system is established. The basic formulas are eq. (12) and eq. (18) compared with the exact solutions in 

examples (1) and (2) respectively, the proposed approach is much simpler in analysis and easier in 

implementation. 

6. Recommendations. 

Through our paper, we recommend some recommendations: 

1- Using of another complete orthonormal systems instead of rationalized Haar functions such as 

complete orthogonal polynomials approximation: Legendre polynomials, Laguerre polynomials, 

Tchebycheff polynomials of the first and second kind and others …. 

2- Giving some practical examples in the control system and using such polynomials to get the suitable 

approximation for these examples, as well as, compared them with the using of the rationalized Harr 

functions.   

7. References. 

1- Anish D., Anindita D. and Gautams S. (2006).A new set of orthogonal functions and its application 

into the analysis of dynamic systems.Vol.343.Issue 1.P.1-26. Journal of the Franklin institute.  

2- Babolian E., Bazm S., and Limab P. (2011).Numerical solution of nonlinear two-dimensional integral 

equations using rationalized Haar functions. Communications in Nonlinear Science and Numerical 

Simulation J. Volume 16, Issue 3, Pages 1164-1175. 

3- Chen C. F. and Hiao C. H. (1975).Walsh series in optimal control. INT.J.Control, vol.21, No.6, 881-897. 

4- Chen C. F. and Hiao C. H. (1975). A state-space approach to Walsh series solution of linear systems. 

INT.J. SYSTEMS SCL, vol.6, NO.9, 833-858. 

5- Chih-Fan C. and Chi-huang H. (1975).Design of Piecewise Constant Gains for Optimal Control via 

Walsh Functions. IEEE TRANSACTION ON AUTOMATIC CONTROL, vol.AC-20, NO.5. 

6- Darzi, R. Neamaty, A. Zaree S. and Mohammadzadeh B. (2012). Haar Wavelet Operational Matrix of 

Fractional Order Integration and its Application for Eigenvalues of Fractional Sturm-Liouville Problem. 

World Applied Sciences Journal 16 (12): 1762-1767, ISSN 1818-4952. Iran. 

7- Gu, Y.and Zhu, Y. (2022). Optimal Control for Parabolic Uncertain System Based on Wavelet 

Transformation. Axioms 2022, 11, 453. https://doi.org/10.3390/ axioms11090453. 

8- Huamin Zhang and Feng Ding. (2013). On the Kronecker Products and Their Applications. Hindawi 

Publishing Corporation Journal of Applied Mathematics Volume 2013, Article ID 296185, 8 pages 

http://dx.doi.org/10.1155/2013/296185. 

http://dx.doi.org/10.1155/2013/296185


 م 2022ديسمبر  ــ رابعالالعدد  ــ ثامنالالمجلد  ــ العربية للعلوم ونشر الأبحاثالمجلة 

Rationalized Haar Series for Approach 

Homogeneous and Non-Homogeneous State  
 (122) Al-Jourany 

 

9- Hung-Yvan C. (1987). Solution of state-space equations via Fourier series. INT.J.SYSTEMS SCL, , 

vol.18, NO.2, 221-228. 

10- Katsuhiko O. (2002). Modern control engineering. Prentice Hall, Upper Saddle River, New Jersey 

07458. 

11- Manochehr Kazemia, Vali Torkashvandb, and Reza Ezzatic. (2021). A new method for solving three-

dimensional nonlinear Fredholm integral equations by Haar wavelet. Int. J. Nonlinear Anal. Appl. 

12.No. 2, 115-133. 

12- Mohammad Heydari, Zakieh Avazzadeh and, Narges Hosseinzadeh. (2022). Haar Wavelet Method 

for Solving High-Order Differential Equations with Multi-Point Boundary Conditions. J. Appl. Comput. 

Mech., 8 (2) 528-544 DOI: 10.22055/JACM.2020.31860. 

13- Mohammed A. and Behrouz T. (2008). Closed Form Solution to an Optimal Control Problem by 

orthogonal polynomials expansion. American J. of Engineering and Applied Science 1 (2):104-109. 

ISSN 1941-7020.  

14- Mohammed Abdujebar Essa, Dr. Melisew Tefera, and Dr. Seleshi Demie. (2022). Haar Wavelet 

Collocation Method for Solving Linear Volterra and Fredholm Integral Equations. International Journal 

of Recent Research in Thesis and Dissertation (IJRRTD) Vol. 3, Issue 1, pp: (65-84). 

15- Mohsen Razzaghi and Yadollah Ordokhani. (2001).Solution for a classical problem in the calculus of 

variations via rationalized Haar functions Kybernetika, Vol. 37, No. 5, P.575-583. 

16- Ohkita M. and Kobayashi Y. (1986).An application of rationalized Haar functions to solution of linear 

differential equations. IEEE Trans. Circuit and Systems 9, 853-862. 

17- Paraskevopoulou P. N. (1985).System analysis and Synthesis via orthogonal polynomials series and 

Fourier series. Vol.27, Issues 5-8, pages 453-469. 

18- Wu., J.L., Hsing C.C. and Chen C.F. (2001). Numerical inversion of Laplace transforms using Haar 

wavelete operational matrices. IEEE Transactions on circuits and systems. No.84, 120-122.  

 
 

 


