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Abstract: In this work we will establish almost sure convergence for k-nearest neighbor estimate of the regression function 

under some mixing conditions. Our results will extend some previous results in the i.i.d case to the dependent case. In 

addition, we will conduct a simulation study using R software program to display the importance and influence of the 

sample size (n) on behavior of the estimator. For this purpose, the mean squares error criterion (MSE) was used.  
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 تحت شرط المزج 𝒌لمقدّر انحدار الجوارات الـ  كييدالتقارب شبه الأ
ً
 الأكيثر قربا

 الشاخ أحمدديمه 

 محمد دريباتي

 سورية||  جامعة تشرين||  كلية العلوم

 يونسو أحمد

 سوريةدمشق || جامعة ||  كلية العلوم

 لدالةالأكثر  𝑘سنقدم في هذه الورقة بعض انواع الاتساق لمقدّر الجوارات الـ  :المستخةص
ً
الانحدار تحت بعض شروط المزج.  قربا

باستخدام الحزمة بالإضافة لدراسة محاكاة ( إلى الحالة المرتبطة. i.i.dالحالة المستقلة ) السابقة مننتائجنا هي توسيع لبعض الاعمال 

متوسط مربعات الخطأ  ( MSE) ( على سلوك هذا المقدّر حيث تم استخدام معيارnلمعرفة أهمية ومدى تأثير حجم العينة ) Rالإحصائية 

 لهذا الغرض. 

 التقارب ،المتبادلطريقة التحقق  قربًا،الأكثر  kمقدّر الجوارات الـ  المزج،معاملات  ،اللاوسيطي الانحدار المفتاحي : الكةمات 

Introduction. 

Regression analysis is very important tools to show the relationship between variables in statistic. 

There are two kind of regression (parametric regression, nonparametric regression). In parametric 

regression we assume that we know the form of the regression function. However, the form of the true 

regression function is not usually known in practice, so parametric regression is not always a good choice 

https://doi.org/10.26389/AJSRP.M190821
https://www.ajsrp.com/
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to estimate the regression function. So, the nonparametric regression methods are better choice to 

estimate the unknown regression function where no assumptions about the form of the regression 

function.   

One of the oldest nonparametric approaches to regression analysis and pattern recognition is the 

nearest neighbor estimation, Fix and Hodges (1951,1952) suggested the basic idea of these 

nonparametric estimation rules and formalized by Royall (1966). Under the i.i.d. assumption, many results 

about properties of k-NN regression have been studied for a long time, and we list some of works here. 

The MSE, the MISE and the asymptotic normality of the k-NN regression estimate with uniform weighting 

function was studied by Royall (1966). Later Mack (1981) extended this result for non-uniformly 

weighted k-NN regression estimate. He studied the bias and the asymptotic normality under the i.i.d 

assumption too. Stone (1977) present the convergence for various  type of k-NN estimators, strong 

consistency are studied by Devroye(1981), he show the almost sure convergence to 0 for special case 

under the boundedness of y.  Devroy(1982) obtained the strong consistency and the uniform 

convergence. Collomb(1980) obtained other types of convergence like convergence in probability, almost 

surly and almost completely of the regression function estimation. 

A number of works such as Mack and Silverman(1982), Cheng(1984), Devroy(1978), Li and et 

al.(2011), Kudraszow and View(2013) give strong uniform convergence rates. Biau et al.(2010) give 

guarntees under 𝐿2 risk. Devroye et al.(1994) give consistency guarntees under the 𝐿1 risk. We will 

expand results to dependent processes for the k-NN regression estimate. Clearly, we will establish the 

almost sure convergence of such regression estimator for 𝛽 − 𝑚𝑖𝑥𝑖𝑛𝑔 processes. 

STUDY PROBLEM: 

Nonparametric regression was widely studied in the independent case, but in real application, this 

is not always achieved. So we want to expand the study to the dependent case.   

OBJECTIVES: 

We aim in this paper to extend some results in the i.i.d case to the dependent case; clearly, we aim 

to study almost sure convergence for k-NN regression estimator under some mixing condition.  

MATERIAL AND METHODS. 

1. Nearest Neighbor Regression estimate: 

Let (𝑋, 𝑌) be a random vector defined on some probability space (Ω, 𝒜, 𝑃) and talking 

values in 𝑅𝑑 × 𝑅. The regression function of 𝑌 given 𝑋 = 𝑥  is defined by 𝑚(𝑥) =

𝐸(𝑌|𝑋 = 𝑥). 
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Generally 𝑚(𝑥) is unknown and one wants to estimate it using a set of copies of (𝑋, 𝑌). Let  

𝒟𝑛 = {(𝑋1, 𝑌1), . . , (𝑋𝑛, 𝑌𝑛)} be a set of copies of(𝑋, 𝑌). Observe that (𝑋𝑖 , 𝑌𝑖) has the same 

distribution of (𝑋, 𝑌). Many ways of estimation are suggested in the literature. One of the most simple 

and popular is probably the k-nearest neighbor method.  

For a fixed 𝑥 in 𝑅𝑑  our goal is to estimate the regression function                      𝑚(𝑥) =

𝐸(𝑌|𝑋 = 𝑥) using the data 𝒟𝑛 . Equip the space 𝑅𝑑  with the standard Euclidean norm, and then the 

k-nearest neighbors estimate (k-NN) of 𝑚(𝑥) is given by 

𝑚𝑛(𝑥) = ∑ 𝑊𝑛𝑖

𝑛

𝑖=1

𝑌𝑖 

with 𝑊𝑛𝑖 = 𝑊𝑛𝑖(𝑥; 𝑋1, . . , 𝑋𝑛) = 1 𝑘⁄  if  𝑋𝑖  is one of the k nearest neighbors of 𝑥 

among 𝑋1, . . , 𝑋𝑛  and 𝑊𝑛𝑖  is 0 otherwise. Hence,  ∑ 𝑊𝑛𝑖 = 1.𝑛
𝑖=1  

We suppose that 𝑘 = 𝑘(𝑛) with 

𝑘 → ∞ 𝑎𝑠  𝑛 → ∞                          (1.1) 

and 

𝑘 𝑛⁄ → 0 𝑎𝑠 𝑛 → ∞                          (1.2) 

Observe that assumptions (1.1) and (1.2) are classical to establish different kinds of consistency 

for the regression and density function by the k-nearest neighbor in the i.i.d case (see for example Bosq 

and Lecoutre(1987)).  

2. Mixing conditions. 

We first introduce some notations. A sequence (𝑍𝑖 , 𝑖 ≥ 1) is said to be 𝛼 − 𝑚𝑖𝑥𝑖𝑛𝑔 (or 

strongly mixing) if 

𝛼(𝑛) = sup
𝑙≥1

sup
𝐴∈ℱ1

𝑙 ,𝐵∈ℱ𝑛+𝑙
∞

|𝑃(𝐵 ∩ 𝐴) − 𝑃(𝐴)𝑃(𝐵)| → 0 𝑎𝑠 𝑛 → ∞ 

Where ℱ1
𝑙 , ℱ𝑙+𝑛

∞  the sup 𝜎 −algebra generated by (𝑍𝑖 , 𝑖 = 1, . . , 𝑙) and (𝑍𝑖 , 𝑖 = 𝑙 +

𝑛, . . ) respectively. The 𝛼 − 𝑚𝑖𝑥𝑖𝑛𝑔 coefficient is one of the most general mixing coefficient (for 

further details about mixing see Bradely(2005),Rio(2017) and Bosq(2012) ). 

It is often used to obtain asymptotic results for some estimators in nonparametric functional 

estimation. We suppose that 

𝛼(𝑛) = 𝑂(𝑛−𝜌)       𝑓𝑜𝑟 𝜌 > 0 .                   (2.1) 

This means that  𝛼(𝑛) tends to 0 at polynomial rate. The sequence (𝑍𝑖 , 𝑖 ≥ 1) is said to be 

𝛽 − 𝑚𝑖𝑥𝑖𝑛𝑔 if 

𝛽(𝑛) = sup
𝑙≥1

𝐸(sup
𝐴∈ℱ1

𝑙

|𝑃(𝐴) − 𝑃(𝐴|ℱ𝑛+𝑙
∞ )|) → 0 𝑎𝑠 𝑛 → ∞ 
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One can verify that 2𝛼(𝑛) ≤ 𝛽(𝑛) which means that any 𝛽 − 𝑚𝑖𝑥𝑖𝑛𝑔 sequence is 

𝛼 − 𝑚𝑖𝑥𝑖𝑛𝑔. We suppose that 

𝛽(𝑛) = 𝑂(𝑛−𝜌)       𝑓𝑜𝑟 𝜌 > 0 .                   (2.2) 

3. Preliminary Definitions and lemmas: 

Definition 1:  Absolutely continuous measure: A measure 𝜇 is absolutely continuous with 

respect to another measure 𝜆 if  𝜆(𝐴) = 0 implies that 𝜇(𝐴) = 0.if a measure said to be absolutely 

continuous, this means absolutely continuous with respect to Lebsegues measure.  

Definition 2: Consistency: One of important properties of good estimator, where we say that an 

estimator 𝜃𝑛̂   is consistent estimator of 𝜃 if  

lim
𝑛→∞

𝑃(|𝜃𝑛̂ − θ| < 𝜀) = 1 

i.e. the 𝜃𝑛̂   is consistency if, that converge to the true value of parameter being estimated as 

sample size increases.  

The following lemmas will be used to establish the consistency results in this paper. 

Lemma 3.1: Let 𝑍1 𝑎𝑛𝑑 𝑍2 two 𝑅 −valued bounded variables. Then  

|𝑐𝑜𝑣(𝑍1, 𝑍2)| ≤ 4‖𝑍1‖∞‖𝑍2‖∞𝛼(𝜎(𝑍1), 𝜎(𝑍1)) 

Where ‖. ‖∞  denotes the supermom norm and 𝜎(𝑍𝑖) denotes the 𝜎 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎 generated 

by 𝑍𝑖  𝑓𝑜𝑟 𝑖 = 1,2 . For the proof of lemma 3.1 we can refer to Rio(2000). 

We refer the reader to Berbee(1979)for the proof of lemma (3.2): 

Lemma 3.2: [Berbee’s lemma]. Let 𝑍, 𝑊 be tow random variables defined up on a probability 

space (Ω, ℱ, ℙ) taking their values in 𝑅𝑑 , and let 𝒜 = 𝜎(𝑍), ℬ = 𝜎(𝑊). Then there exists 𝑍∗ 

random variable independent as 𝑍 and has the same distribution of  𝑊 and satisfies ℙ(𝑍 ≠ 𝑍∗) =

𝛽(𝒜, ℬ). 

Denote 𝑆𝑥,𝑟  the closed ball centered at 𝑥 ∈ 𝑅𝑑  with radius 𝑟 > 0. 

Lemma 3.3: Let 𝜇 be an absolutely continuous probability measure on 𝑅𝑑 . let  

𝐵𝑎(𝑥́) = {𝑥́: 𝜇(𝑆𝑥,‖𝑥−𝑥́‖) ≤ 𝑎}. 

Then, for all 𝑥́ ∈ 𝑅𝑑, 

𝜇(𝐵𝑎(𝑥́)) ≤ 𝛾𝑑𝑎. 

with  𝛾𝑑  denotes the minimal numbers of cones centered at the origin of angle 𝜋 6⁄  that cover 

𝑅𝑑 . depends on the dimension d only. 

We refer the reader to Devroye and Györfe (1985) for the proof of Lemma 4.3 . 

Lemma 3.4: [McDiarmid]. Let  𝑋1, . . , 𝑋𝑛  independent random variables taking values in a set 

𝐴, and assume that 𝑓: 𝐴𝑛 → 𝑅 satisfies 

|𝑓( 𝑥1, . . , 𝑥𝑛) − 𝑓( 𝑥1, . . , 𝑥𝑖−1, 𝑥́𝑖 , 𝑥𝑖+1, . . , 𝑥𝑛)| ≤ 𝑐𝑖    1 ≤ 𝑖 ≤         𝑥1,..,𝑥𝑛 

   𝑥́1,..,𝑥𝑛𝜖𝐴 ́

𝐬𝐮𝐩        
𝑛. 
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for some 𝑐1, . . , 𝑐2 > 0 

Then ∀ 𝑡 > 0, 

𝑷{|𝑓(𝑋1, . . , 𝑋𝑛) − 𝐸𝑓(𝑋1, . . , 𝑋𝑛)| > 𝑡} ≤ 𝒆𝒙𝒑(
−2𝑡2

∑ 𝑐𝑖
2𝑛

𝑖=1

) 

We refer the reader to McDiarmid (1989) for the proof of this Lemma. 

4. Main results. 

Denote      𝐽𝑛 = ∫ |𝑚𝑛(𝑥) − 𝑚(𝑥)|
 

𝑅𝑑 𝜇(𝑑𝑥) 

In this section we state the main result on the 𝑘-NN regression estimate for dependent sequence. 

The result established in the following theorem providing the almost sure convergence of the 𝑘-NN 

regression estimate for every distribution of (𝑋, 𝑌) with bounded 𝑌 such that |𝑌| < 𝑀 < ∞  for 

some 𝑀 > 0  when 𝑋 has a density 𝑓. i.e. we want to prove that   𝐽𝑛 → 0   𝑎𝑠 𝑛 → ∞. 

The above consistency result is previously investigated by Devroy et al. (1994) in the i.i.d case. 

The extension problem of this result to the dependent case has not been yet treated.  

Theorem: Suppose that 𝒟𝑛 are observations of strictly stationary 𝛽 − 𝑚𝑖𝑥𝑖𝑛𝑔 sequence 

such that (2.2) with 𝜌 > 1. Suppose in addition that (1.1) and (1.2 (are satisfied, and 
𝑘

√𝑛
⟶ ∞ 𝑎𝑠 𝑛 ⟶ ∞                             (4.1) 

and that there exists an integer 𝑞 = 𝑞(𝑛) 𝑤𝑖𝑡ℎ 1 ≤ 𝑞 ≤ 𝑛 2⁄   such that 𝑛 → ∞ 
𝑛

𝑞𝑙𝑜𝑔(𝑛)
→ ∞                                            (4.2) 

and 

∑ 𝑘−1𝑛𝛽(𝑞) < ∞                                    (4.3) 

Then,  

(𝐽𝑛 ⟶ 0 𝑎𝑠 𝑛 ⟶ ∞) 𝑤𝑖𝑡ℎ 𝑝𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑜𝑛𝑒. 

Whereas the condition (4.1) is weaker than that of (Bosq and Lecoutre (1987), Theorem (11.3)) in 

i.i.d case.    

Observe that if 𝛽(𝑛) = 𝑂(𝑛−𝜌) then 𝛼(𝑛) = 𝑂(𝑛−𝜌) since 2𝛼(𝑛) ≤ 𝛽(𝑛) with 

polynomial rate. 

The strict stationary is a concept which is stronger than the identical distribution. This condition is 

needed to establish the strong consistency. 

5. Proof: 

In order to prove the theorem, we re-write 𝑚𝑛(𝑥) as follows: 
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𝑚𝑛(𝑥) =
1

𝑘
∑ 𝑌(𝑖)

𝑘

𝑖=1

 

Where  

 (𝑋(1), 𝑌(1)), . . , (𝑋(𝑛), 𝑌(𝑛)) 

is reordering of the data according to increasing values of ‖𝑥 − 𝑋(𝑖)‖(ties are broken by 

comparing indices). Where ‖. ‖ the Euclidian norm on 𝑅𝑑 .For fixed ∈ 𝑅𝑑 , ‖𝑥‖ = (𝑥𝑥́)1/2 . 

Denote 𝑚̂𝑛(𝑥) =
1

𝑘
∑ 𝑌𝑖𝐼{𝑋𝑖∈𝑆(𝑥,𝑟𝑛)}  𝑤ℎ𝑒𝑟𝑒 𝑟𝑛 = 𝑟𝑛(𝑥)  satisfies that 

                                𝜇(𝑆(𝑥,𝑟𝑛)) =
𝑘

𝑛
                                                                    (5.1)      

The existence of  𝑟𝑛(𝑥) is ensured since 𝑋 has a density f. 

Proof of theorem: For the integer  𝒒  defined in theorem we can write 𝒏 = 𝟐𝒑𝒒 + 𝒔 with  

𝒑 𝒂𝒏𝒅 𝒔 are two integers such that < 𝒑 ≤
𝒏

𝟐
 𝒂𝒏𝒅 𝟎 ≤ 𝒔 < 𝒒 . Without loss of generality, we 

suppose that 𝒔 = 𝟎. 

Let  𝒁𝒊 = (𝑿𝒊, 𝒀𝒊); 𝒊 = 𝟏, . . , 𝒏 and define the following vectors: 

               𝑨𝟏 = (𝒁𝟏, . . , 𝒁𝒒)                        𝑩𝟏 = (𝒁𝒒+𝟏, . . , 𝒁𝟐𝒒) 

               𝑨𝟐 = (𝒁𝟐𝒒+𝟏, . . , 𝒁𝟑𝒒)                  𝑩𝟐 = (𝒁𝟑𝒒+𝟏, . . , 𝒁𝟒𝒒)  

                           ⋮                                                       ⋮       

          𝑨𝒑 = (𝒁𝟐(𝒑−𝟏)𝒒, . . , 𝒁(𝟐𝒑−𝟏)𝒒)              𝑩𝒑 = (𝒁(𝟐𝒑−𝟏)𝒒+𝟏, . . , 𝒁𝟐𝒑𝒒)    

Let’s define for  𝒍 = 𝟏, . . , 𝒑  a family of subsets in {𝟏, . . , 𝒏}  as follows:                       

𝑆𝑙 = {𝑖: 2(𝑙 − 1)𝑞 + 1 ≤ 𝑖 ≤ (2𝑙 − 1)𝑞} 

𝑆̃𝑙 = {𝑖: (2𝑙 − 1)𝑞 + 1 ≤ 𝑖 ≤ 2𝑙𝑞} 

Observe that, for example, if  𝑙 = 1, 𝑆𝑙 = {1, . . , 𝑞} and 𝑆̃1 = {𝑞 + 1, . . ,2𝑞}. 

So, 𝐴1 = (𝑍𝑖 , 𝑖 ∈ 𝑆𝑙)     𝑎𝑛𝑑    𝐵1 = (𝑍𝑖 , 𝑖 ∈ 𝑆̃1) 

Furthermore, we have  |𝑖 − 𝑗| ≥ 𝑞 for any 𝑖 ∈ 𝑆𝑙(𝑖 ∈ 𝑆̃𝑙) and 𝑗 ∈ 𝑆𝑙́(𝑗 ∈ 𝑆̃𝑙́) with 

𝑙 ≠ 𝑙. 

Denote:  

𝐴0 = (𝑍∗
1, . . , 𝑍∗

𝑞) = 𝐴0
∗            ,        𝐵0 = (𝑍∗

𝑞+1, . . , 𝑍∗
2𝑞) = 𝐵0

∗ 

Using Berbee’s lemma we generate 𝐴1
∗ , 𝐴2

∗ , . . , 𝐴𝑝
∗  sequence of independent vectors: 

𝐴1
∗ = (𝑍∗

1, . . , 𝑍∗
𝑞), 𝐴2

∗ = (𝑍∗
2𝑞+1

, . . , 𝑍∗
3𝑞), . . , 𝐴𝑝

∗ = (𝑍∗
2𝑞+1

, . . , 𝑍∗
3𝑞) 

Whereas 𝐴1, 𝐴1
∗  have the same probability distribution, and 𝐴1

∗  is independent of 𝐴0 with 

ℙ(𝐴1 ≠ 𝐴1
∗ ) ≤ 𝛽𝑞  (by Berbee’s lemma), also the tow vectors 𝐴2, 𝐴2

∗  have the same probability 

distribution, and 𝐴2
∗  is independent of 𝐴1

∗ , 𝐴1, 𝐴0, with ℙ(𝐴2
∗ ≠ 𝐴2) ≤ 𝛽𝑞 . Thus, by the same 

argument on the reminder elements, we finally get that 𝐴𝑝
∗ , 𝐴𝑝  have the same probability distribution 

and that 𝐴𝑝
∗  is independent of 𝐴0, . . , 𝐴𝑝, 𝐴1

∗ , . . , 𝐴𝑝−1
∗ , with ℙ(𝐴𝑝

∗ ≠ 𝐴𝑝) ≤ 𝛽𝑞 . In the same 
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way we generate a sequence of independent vectors 𝐵1
∗, . . , 𝐵𝑝

∗  from the sequence 𝐵1, . . , 𝐵𝑝  by using 

berbee’s lemma whereas  ℙ(𝐵𝑙
∗ ≠ 𝐵𝑙) ≤ 𝛽𝑞        ∀ 𝑙 = 1, . . , 𝑝. 

Observe that the vectors 𝐴1
∗ , . . , 𝐴𝑝

∗  are independent; and 𝐵1
∗, . . , 𝐵𝑝

∗ are also independent. It is 

easy to see that  

ℙ(𝑍𝑖
∗ ≠ 𝑍𝑖) ≤ 𝛽𝑞        ∀ 𝑖 = 1, . . , 𝑛.  

Or  

 ℙ((𝑋𝑖
∗, 𝑌𝑖

∗) ≠ (𝑋𝑖 , 𝑌𝑖)) ≤ 𝛽𝑞        ∀ 𝑖 = 1, . . , 𝑛. 

But, clearly, we have: 

∫|𝑚𝑛(𝑥) − 𝑚(𝑥)|

 

𝑅𝑑

𝜇(𝑑𝑥)

≤ ∫|𝑚𝑛(𝑥) − 𝐸𝑚̂𝑛(𝑥)|(𝑑𝑥)

 

𝑅𝑑

+ ∫|𝐸𝑚̂𝑛(𝑥) − 𝑚(𝑥)|(𝑑𝑥)

 

𝑅𝑑

        (5.2) 

The second term on the right-hand side  ∫ |𝑚(𝑥) − 𝐸𝑚̂𝑛(𝑥)|𝜇(𝑑𝑥)
 

𝑅𝑑  deterministic “bias” 

type term, whose integral will be shown to converge to zero. According to (5.1), the condition (1.1) 

implies that 𝑟𝑛(𝑥) → 0. Note that using (5.1) 

𝐸𝑚̂𝑛(𝑥) =
𝑛

𝑘
𝐸 (𝑌𝐼(𝑋∈𝑆(𝑥,𝑟𝑛))) 

=
𝑛

𝑘
𝐸 (𝐸 (𝑌𝐼(𝑥∈𝑆(𝑥,𝑟𝑛))|𝑋)) 

=
𝑛

𝑘
𝐸 (𝐼(𝑥∈𝑆(𝑥,𝑟𝑛)). 𝐸(𝑌|𝑋)) 

=
𝑛

𝑘
∫ 𝐸(𝑌|𝑋 = 𝑥́)𝜇(𝑑𝑥́)

 

𝑆(𝑥,𝑟𝑛)

 

=
1

𝜇(𝑆(𝑥,𝑟𝑛)
)

∫ 𝐸(𝑌|𝑋 = 𝑥́)𝜇(𝑑𝑥́)

 

𝑆(𝑥,𝑟𝑛)

 

So, by lebesgue’s density theorem [see Wheeden and Zygmund(1977)], yields  

 𝐸𝑚̂𝑛(𝑥) =
1

𝜇(𝑆(𝑥,𝑟𝑛))
∫ 𝐸(𝑌|𝑋 = 𝑥́)𝜇(𝑑𝑥́) → 𝐸(𝑌|𝑋 = 𝑥) = 𝑚(𝑥)

 

𝑆(𝑥,𝑟𝑛)
. 

Since 𝑌 is bounded, dominated convergence theorem implies that: 

                                           ∫ |𝑚(𝑥) − 𝐸𝑚̂𝑛(𝑥)|𝜇(𝑑𝑥)
 

𝑅𝑑

→ 0                                        (5.3) 

Let’s move to the first term in the right- hand side of (5.2). We have: 

∫ |𝑚𝑛(𝑥) − 𝐸𝑚̂𝑛(𝑥)|𝜇(𝑑𝑥)
 

𝑅𝑑

≤ 

                                  

        ∫ |𝑚̂𝑛(𝑥) − 𝐸𝑚̂𝑛(𝑥)|𝜇(𝑑𝑥)
 

𝑅𝑑 + ∫ |𝑚𝑛(𝑥) − 𝑚̂𝑛(𝑥)|𝜇(𝑑𝑥)
 

𝑅𝑑                            (5.4) 

Let us deal with each term in the right-hand side of (5.4). For the first term, we have 
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𝑃 (∫ |𝑚̂𝑛(𝑥) − 𝐸𝑚̂𝑛(𝑥)|𝜇(𝑑𝑥)
 

𝑅𝑑

>
𝜀

2
) ≤ 

𝑃 (|∫ |𝑚̂𝑛(𝑥) − 𝐸𝑚̂𝑛(𝑥)|𝜇(𝑑𝑥) − ∫ |𝑚∗̂
𝑛(𝑥) − 𝐸𝑚∗̂

𝑛(𝑥)|𝜇(𝑑𝑥)
 

𝑅𝑑

 

𝑅𝑑 | >
𝜀

4
)  

    +𝑃 (∫ |𝑚∗̂
𝑛(𝑥) − 𝐸𝑚∗̂

𝑛(𝑥)|𝜇(𝑑𝑥) >
 

𝑅𝑑

𝜀

4
) : = 𝐼 + 𝐼𝐼.                                      (5.5)      

Where 𝑚∗̂
𝑛(𝑥) =

1

𝑘
∑ 𝑌𝑖

∗𝐼{𝑋∗
𝑖∈𝑆(𝑥,𝑟𝑛)} . 

For the term (I), for n large enough and by using Markov’s inequality, we have: 

𝐼 = 𝑃 (|∫ |𝑚̂𝑛(𝑥) − 𝐸𝑚̂𝑛(𝑥)|𝜇(𝑑𝑥) − ∫ |𝑚∗̂
𝑛(𝑥) − 𝐸𝑚∗̂

𝑛(𝑥)|𝜇(𝑑𝑥)
 

𝑅𝑑

 

𝑅𝑑

| >
𝜀

4
) 

𝐼 ≤
𝐸|∫ |𝑚̂𝑛(𝑥) − 𝐸𝑚̂𝑛(𝑥)|𝜇(𝑑𝑥)

 

𝑅𝑑 − ∫ |𝑚∗̂
𝑛(𝑥) − 𝐸𝑚∗̂

𝑛(𝑥)|𝜇(𝑑𝑥)
 

𝑅𝑑 |
𝜀

4⁄
 

   ≤ 4𝜀−1𝐸 ∫ ||𝑚̂𝑛(𝑥) − 𝐸𝑚̂𝑛(𝑥)| − |𝑚∗̂
𝑛(𝑥) − 𝐸𝑚∗̂

𝑛(𝑥)||𝜇(𝑑𝑥)
 

𝑅𝑑

 

According to the Fubini’s theorem, we get 

𝐼 ≤ 4𝜀−1 ∫ 𝐸|𝑚̂𝑛(𝑥) − 𝑚∗̂
𝑛(𝑥) + 𝐸𝑚∗̂

𝑛(𝑥) − 𝐸𝑚̂𝑛(𝑥)|𝜇(𝑑𝑥)
 

𝑅𝑑

 

𝐼 ≤ 4𝜀−1 ∫ (𝐸|𝑚̂𝑛(𝑥) − 𝑚∗̂
𝑛(𝑥)| + 𝐸|𝑚̂𝑛(𝑥) − 𝑚∗̂

𝑛(𝑥)|)𝜇(𝑑𝑥)
 

𝑅𝑑

 

𝐼 ≤ 8𝜀−1 ∫ (𝐸|𝑚̂𝑛(𝑥) − 𝑚∗̂
𝑛(𝑥)|)𝜇(𝑑𝑥)

 

𝑅𝑑

                                              

𝐼 ≤ 8𝜀−1 ∫ (𝐸 |
1

𝑘
∑ 𝑌𝑖𝐼{𝑋𝑖∈𝑆(𝑥,𝑟𝑛)}

𝑛

𝑖=1

−
1

𝑘
∑ 𝑌𝑖

∗𝐼{𝑋𝑖
∗∈𝑆(𝑥,𝑟𝑛)}

𝑛

𝑖=1

|) 𝜇(𝑑𝑥)
 

𝑅𝑑

 

𝐼 ≤
8𝜀−1

𝑘
𝐸 ∫ ∑ |𝑌𝑖𝐼{𝑋𝑖∈𝑆(𝑥,𝑟𝑛)} − 𝑌𝑖

∗𝐼{𝑋𝑖
∗∈𝑆(𝑥,𝑟𝑛)}|

𝑛

𝑖=1

𝜇(𝑑𝑥)
 

𝑅𝑑

 

Note that if (𝑋𝑖
∗, 𝑌𝑖

∗) = (𝑋𝑖 , 𝑌𝑖), then  𝐼 = 0. Generally, 

𝐼 ≤
8𝜀−1

𝑘
𝐸 (∑ ∫ (|𝑌𝑖𝐼{𝑋𝑖∈𝑆(𝑥,𝑟𝑛)} − 𝑌𝑖

∗𝐼{𝑋𝑖
∗∈𝑆(𝑥,𝑟𝑛)}|) 𝜇(𝑑𝑥).

 

𝑅𝑑

𝑛

𝑖=1

𝐼{(𝑋𝑖
∗,𝑌𝑖

∗)≠(𝑋𝑖,𝑌𝑖)}) 

𝐼 ≤
16𝑀𝜀−1

𝑘
∑ 𝑃((𝑋𝑖

∗, 𝑌𝑖
∗) ≠ (𝑋𝑖 , 𝑌𝑖))

𝑛

𝑖=1

 

By the definition of  {(𝑋1
∗, 𝑌1

∗), . . , (𝑋𝑛
∗ , 𝑌𝑛

∗)} and by assumption, we have   

𝐼 ≤
16𝑀𝜀−1

𝑘
∑ 𝛽𝑞

𝑛

𝑖=1

=
16𝑀𝜀−1𝑛

𝑘
𝛽𝑞 

By the assumption on k and the Borel- Cantelli lemma, we get  

                                   𝐼 → 0      𝑎𝑠      𝑛 → ∞        𝑤𝑖𝑡ℎ 𝑝𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦 1.               (5.6) 

Now, we move to deal with second term 𝐼𝐼, we have 

𝐼𝐼 = 𝑃(∫ |𝑚∗̂
𝑛(𝑥) − 𝐸𝑚∗̂

𝑛(𝑥)|𝜇(𝑑𝑥)
 

𝑅𝑑
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𝐼𝐼 = 𝑃 (∫ |
1

𝑘
∑ 𝑌𝑖

∗𝐼{𝑋𝑖
∗∈𝑆(𝑥,𝑟𝑛)}

𝑛

𝑖=1

− 𝐸
1

𝑘
∑ 𝑌𝑖

∗𝐼{𝑋𝑖
∗∈𝑆(𝑥,𝑟𝑛)}

𝑛

𝑖=1

| 𝜇(𝑑𝑥) >
𝜀

4

 

𝑅𝑑

) 

Since 𝑛 = 2𝑝𝑞, we can write  

∑ 𝑌𝑖
∗𝐼{𝑋𝑖

∗∈𝑆(𝑥,𝑟𝑛)}

𝑛

𝑖=1

= ∑ ∑ 𝑌𝑖
∗𝐼{𝑋𝑖

∗∈𝑆(𝑥,𝑟𝑛)}

 

𝑖∈𝑆𝑙

𝑝

𝑙=1

+ ∑ ∑ 𝑌𝑖
∗𝐼{𝑋𝑖

∗∈𝑆(𝑥,𝑟𝑛)}

 

𝑖∈𝑆̃𝑙

𝑝

𝑙=1

 

𝐼𝐼 ≤ 𝑃 (∫ |
1

𝑘
∑ ∑ 𝑌𝑖

∗𝐼{𝑋𝑖
∗∈𝑆(𝑥,𝑟𝑛)}

 

𝑖∈𝑆𝑙

𝑝

𝑙=1

− 𝐸
1

𝑘
∑ ∑ 𝑌𝑖

∗𝐼{𝑋𝑖
∗∈𝑆(𝑥,𝑟𝑛)}

 

𝑖∈𝑆𝑙

𝑝

𝑙=1

| 𝜇(𝑑𝑥) >
𝜀

8

 

𝑅𝑑

) 

+𝑃 (∫ |
1

𝑘
∑ ∑ 𝑌𝑖

∗𝐼{𝑋𝑖
∗∈𝑆(𝑥,𝑟𝑛)}

 

𝑖∈𝑆̃𝑙

𝑝

𝑙=1

− 𝐸
1

𝑘
∑ ∑ 𝑌𝑖

∗𝐼{𝑋𝑖
∗∈𝑆(𝑥,𝑟𝑛)}

 

𝑖∈𝑆̃𝑙

𝑝

𝑙=1

| 𝜇(𝑑𝑥) >
𝜀

8

 

𝑅𝑑

) 

To find an upper bound for II, it suffices to treat one of the two terms in the right-hand side. Let’s 

defined the function F: 

𝐹: (𝑅𝑑 × 𝑅)𝑛 → 𝑅 

𝐹(𝐴1
∗ , . . , 𝐴𝑝

∗ ) = ∫ |
1

𝑘
∑ ∑ 𝑌𝑖

∗𝐼{𝑋𝑖
∗∈𝑆(𝑥,𝑟𝑛)}

 

𝑖∈𝑆𝑙

𝑝

𝑙=1

− 𝐸
1

𝑘
∑ ∑ 𝑌𝑖

∗𝐼{𝑋𝑖
∗∈𝑆(𝑥,𝑟𝑛)}

 

𝑖∈𝑆𝑙

𝑝

𝑙=1

| 𝜇(𝑑𝑥)
 

𝑅𝑑

 

Therefore:   

𝑃 (𝐹(𝐴1
∗ , . . , 𝐴𝑝

∗ ) >
𝜀

8
) ≤ 𝑃 (|𝐹(𝐴1

∗ , . . , 𝐴𝑝
∗ ) − 𝐸𝐹(𝐴1

∗ , . . , 𝐴𝑝
∗ ) + 𝐸𝐹(𝐴1

∗ , . . , 𝐴𝑝
∗ )| >

𝜀

8
) 

Let us prove that 

                                                  𝐸𝐹(𝐴1
∗ , . . , 𝐴𝑝

∗ ) → 0                                 (5.7)     

 to do that, denote: 

𝜙(𝑥) =
1

𝑘
∑ ∑ 𝑌𝑖

∗𝐼{𝑋𝑖
∗∈𝑆(𝑥,𝑟𝑛)}

 

𝑖∈𝑆𝑙

𝑝

𝑙=1

 

Applying Cauchy-Shwartz  inequality; we get, by the strict stationarity,  

𝐸 ∫ |𝜙(𝑥) − 𝐸𝜙(𝑥)|𝜇(𝑑𝑥)
 

𝑅𝑑

≤ ∫ √𝐸(𝜙(𝑥) − 𝐸𝜙(𝑥))
2

𝜇(𝑑𝑥)   
 

𝑅𝑑

 

                                = ∫ √𝑣𝑎𝑟(𝜙(𝑥))𝜇(𝑑𝑥)
 

𝑅𝑑   

                                                          

= ∫ √𝑣𝑎𝑟 (
1

𝑘
∑ ∑ 𝑌𝑖

∗𝐼{𝑋𝑖
∗∈ 𝑆(𝑥,𝑟𝑛)}

 

𝑖∈𝑆𝑙

𝑝

𝑙=1

) 𝜇(𝑑𝑥)                          (5.8)
 

𝑅𝑑

 

= ∫ √
1

𝑘2
∑ 𝑣𝑎𝑟 (∑ 𝑌𝑖

∗𝐼{𝑋𝑖
∗∈𝑆(𝑥,𝑟𝑛)}

 

𝑖∈𝑆𝑙

) +
1

𝑘2

𝑝

𝑙=1

∑ 𝑐𝑜𝑣 (∑ 𝑌𝑖
∗𝐼{𝑋𝑖

∗∈𝑆(𝑥,𝑟𝑛)}

 

𝑖∈𝑆𝑙

, ∑ 𝑌𝑗
∗𝐼

{𝑋𝑗
∗∈𝑆(𝑥,𝑟𝑛)}

 

𝑗∈𝑆𝑙

)

𝑝

𝑙=1

𝜇(𝑑𝑥)   
 

𝑅𝑑
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= ∫ √
1

𝑘2
𝑝𝑞. 𝑣𝑎𝑟 (𝑌𝐼{𝑋∈𝑆(𝑥,𝑟𝑛)}) +

1

𝑘2
𝑝. 𝑐𝑜𝑣 (∑ 𝑌𝑖

∗𝐼{𝑋𝑖
∗∈𝑆(𝑥,𝑟𝑛)}

 

𝑖∈𝑆𝑙

, ∑ 𝑌𝑗
∗𝐼

{𝑋𝑗
∗∈𝑆(𝑥,𝑟𝑛)}

 

𝑗∈𝑆𝑙

) 𝜇(𝑑𝑥)
 

𝑅𝑑

 

 

                       𝑣𝑎𝑟 (𝑌𝐼{𝑋∈𝑆(𝑥,𝑟𝑛)}) ≤ 𝑀2μ(𝑆(𝑥,𝑟𝑛)) ≤ 𝑀2
𝑘

𝑛
                           (5.9) 

∀ 𝑖 ≠ 𝑗: |𝑐𝑜𝑣 (𝑌𝑖
∗𝐼{𝑋𝑖

∗∈𝑆(𝑥,𝑟𝑛)}, 𝑌𝑗
∗𝐼

{𝑋𝑗
∗∈𝑆(𝑥,𝑟𝑛)}

)|     

≤ 4 ‖𝑌𝑖
∗𝐼{𝑋𝑖

∗∈𝑆(𝑥,𝑟𝑛)}‖
∞

‖𝑌𝑗
∗𝐼

{𝑋𝑗
∗∈𝑆(𝑥,𝑟𝑛)}

‖
∞

𝛼(|𝑖 − 𝑗|) 

𝑐𝑜𝑣 (∑ 𝑌𝑖
∗𝐼{𝑋𝑖

∗∈𝑆(𝑥,𝑟𝑛)}

 

𝑖∈𝑆𝑙

, ∑ 𝑌𝑗
∗𝐼

{𝑋𝑗
∗∈𝑆(𝑥,𝑟𝑛)}

 

𝑗∈𝑆𝑙

) = ∑ 𝑐𝑜𝑣 (𝑌𝑖
∗𝐼{𝑋𝑖

∗∈𝑆(𝑥,𝑟𝑛)}, 𝑌𝑗
∗𝐼

{𝑋𝑗
∗∈𝑆(𝑥,𝑟𝑛)}

)

 

𝑖,𝑗∈𝑆𝑙
𝑖≠𝑗

 

                                        ≤ 4 ∑ ‖𝑌𝑖
∗𝐼{𝑋𝑖

∗∈𝑆(𝑥,𝑟𝑛)}‖
∞

‖𝑌𝑗
∗𝐼

{𝑋𝑗
∗∈𝑆(𝑥,𝑟𝑛)}

‖
∞

𝛼(|𝑖 − 𝑗|)

 

𝑖,𝑗∈𝑆𝑙
𝑖≠𝑗

 

       ≤ 4𝑀2 ‖𝐼{𝑋∈𝑆(𝑥,𝑟𝑛)}‖
∞

2

∑ 𝛼(|𝑖 − 𝑗|)

 

𝑖,𝑗∈𝑆𝑙
𝑖≠𝑗

 

  ≤ 4𝑀2𝑞 ∑ 𝛼

 ∞

𝑡=1

(𝑡)                                       

By the assumption 𝛼(𝑡) = 𝑡−𝜌; 𝜌 > 1 then, there is 𝑐 > 0 such that 

  

 𝑐𝑜𝑣 (∑ 𝑌𝑖
∗𝐼{𝑋𝑖

∗∈𝑆(𝑥,𝑟𝑛)}
 
𝑖∈𝑆𝑙

, ∑ 𝑌𝑗
∗𝐼

{𝑋𝑗
∗∈𝑆(𝑥,𝑟𝑛)}

 
𝑗∈𝑆𝑙

) ≤ 4𝑀2 ∑ 𝑡−𝜌∞
𝑡=1 ≤ 4𝑀2𝑞𝑐 

⟹ 𝐸 ∫ |𝜙(𝑥) − 𝐸𝜙(𝑥)|𝜇(𝑑𝑥) ≤ ∫ √
𝑝

𝑘2
𝑞𝑀2

𝑘

𝑛
+

𝑝𝑞

𝑘2
4𝑀2𝐶𝜇(𝑑𝑥)

 

𝑅𝑑

 

𝑅𝑑

 

                ≤ √
𝑝

𝑘2
𝑞𝑀2 𝑘

𝑛
+

𝑝

𝑘2
4𝑞𝑀2𝐶 = √

𝑀2

2𝑘
+

𝑛

𝑘2
2𝑀2𝐶 → 0                            (5.10)     

The last limit is a consequence of (1.2) and (4.1). By  (5.8) and (5.10), we get (5.7). 

Thus, for n large enough,  

𝑃 (∫ |
1

𝑘
∑ ∑ 𝑌𝑖

∗𝐼{𝑋𝑖
∗∈𝑆(𝑥,𝑟𝑛)}

 

𝑖∈𝑆𝑙

𝑝

𝑙=1

− 𝐸
1

𝑘
∑ ∑ 𝑌𝑖

∗𝐼{𝑋𝑖
∗∈𝑆(𝑥,𝑟𝑛)}

 

𝑖∈𝑆𝑙

𝑝

𝑙=1

| 𝜇(𝑑𝑥)
 

𝑅𝑑

>
𝜀

8
)

≤ 𝑃 (|𝐹(𝐴1
∗ , . . , 𝐴𝑝

∗ ) − 𝐸𝐹(𝐴1
∗ , . . , 𝐴𝑝

∗ )| >
𝜀

16
) 

Since {𝐴1
∗ , . . , 𝐴𝑝

∗ } is a sequence of independent vectors, let   

𝑎́𝑖
∗ = {(𝑥́1, 𝑦́1), . . , (𝑥́𝑞 , 𝑦́𝑞)} 

𝑎𝑖
∗ = {(𝑥1, 𝑦1), . . , (𝑥𝑞 , 𝑦𝑞)} 
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Then, 

|𝐹(𝑎1
∗ , . . , 𝑎𝑝

∗ ) − 𝐹(𝑎1
∗ , . . , 𝑎́𝑖

∗, 𝑎𝑖
∗, . . , 𝑎𝑝

∗ )| ≤ 

∫ |∑ (
1

𝑘
𝑦𝑗𝐼{𝑥𝑗∈𝑆(𝑥,𝑟𝑛)} −

1

𝑘
𝑦́𝑗𝐼{𝑥́𝑗∈𝑆(𝑥,𝑟𝑛)})

𝑞

𝑗=1

| 𝜇(𝑑𝑥)
 

𝑅𝑑

 

But |∑ (
1

𝑘
𝑦𝑗𝐼{𝑥𝑗∈𝑆(𝑥,𝑟𝑛)} −

1

𝑘
𝑦́𝑗𝐼{𝑥́𝑗∈𝑆(𝑥,𝑟𝑛)})

𝑞
𝑗=1 |is bounded by 

2𝑞𝑀

𝑘
   and can differ 

from zero only if  𝑥𝑗 ∈ 𝑆(𝑥,𝑟𝑛)  or 𝑥́𝑗 ∈ 𝑆(𝑥,𝑟𝑛). By note that 𝑥𝑗 ∈ 𝑆(𝑥,𝑟𝑛)  if and only if 

𝜇(𝑆(𝑥,‖𝑥−𝑥𝑗‖)) ≤
𝑘

𝑛
, and by using lemma 3.4, therefore   

𝑠𝑢𝑝 ∫ |∑ (
1

𝑘
𝑦𝑗𝐼{𝑥𝑗∈𝑆(𝑥,𝑟𝑛)} −

1

𝑘
𝑦́𝑗𝐼{𝑥́𝑗∈𝑆(𝑥,𝑟𝑛)})

𝑞

𝑗=1

| 𝜇(𝑑𝑥)
 

𝑅𝑑

≤
2𝑞𝑀𝑘

𝑘𝑛
𝛾𝑑 = 2𝑞𝑀𝛾𝑑𝑛−1 

 By applying Mcdiarmid inequality where 𝑖 = 1, . . , 𝑝;   𝑐𝑖 = 2𝑞𝑀𝛾𝑑𝑛−1 ,then  

𝑃 (|𝐹(𝐴1
∗ , . . , 𝐴𝑝

∗ ) − 𝐸𝐹(𝐴1
∗ , . . , 𝐴𝑝

∗ )| >
𝜀

16
) ≤ 2𝑒𝑥𝑝 (−2 (

𝜀

16
)

2

∑(2𝑞𝑀𝛾𝑑𝑛−1)2

𝑝

𝑖=1

⁄ )  

≤ 2𝑒𝑥𝑝
−2 (

𝜀
16

)
2

(2𝑝𝑞𝑀𝛾𝑑𝑛−1)2
 

≤ 2𝑒𝑥𝑝 (
−𝜀2𝑛

256𝑞𝑀2𝛾𝑑
2

) 

In the same way we find that the second term in inequality  

𝑃 (∫ |
1

𝑘
∑ ∑ 𝑌𝑖

∗𝐼{𝑋𝑖
∗∈𝑆(𝑥,𝑟𝑛)}

 

𝑖∈𝑆̃𝑙

𝑝

𝑙=1

− 𝐸
1

𝑘
∑ ∑ 𝑌𝑖

∗𝐼{𝑋𝑖
∗∈𝑆(𝑥,𝑟𝑛)}

 

𝑖∈𝑆̃𝑙

𝑝

𝑙=1

| 𝜇(𝑑𝑥) >
𝜀

8

 

𝑅𝑑

)     

≤ 2𝑒𝑥𝑝 (
−𝜀2𝑛

256𝑞𝑀2𝛾𝑑
2

) 

As a consequence, 

                        𝐼𝐼 ≤ 4𝑒𝑥𝑝 (
−𝜀2𝑛

256𝑞𝑀2𝛾𝑑
2
)                                                   (5.11)   

 Now, let us move to deal with the second term in the right-hand side of (5.4). 

We have,                |𝑚𝑛(𝑥) − 𝑚̂𝑛(𝑥)| =
1

𝑘
|∑ 𝑌𝑗𝐼{𝑋𝑗∈𝑠(𝑥,𝑟𝑛)} − ∑ 𝑌𝑗𝐼{𝑋𝑗∈𝑠(𝑥,𝜌𝑛)}

𝑛
𝑗=1

𝑛
𝑗=1 | 

≤
𝑀

𝑘
∑ |𝐼{𝑋𝑗∈𝑆(𝑥,𝑟𝑛)} − 𝐼{𝑋𝑗∈𝑆(𝑥,𝜌𝑛)}|

𝑛

𝑗=1

 

= 𝑀 |
1

𝑘
∑ 𝐼{𝑋𝑗∈𝑠(𝑥,𝑟𝑛)}

𝑛

𝑗=1

− 1| 

= 𝑀|𝑔̂𝑛(𝑥) − 𝐸𝑔̂𝑛(𝑥)| 
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Where 𝑔̂𝑛(𝑥) is defined as 𝑚̂𝑛(𝑥) with 𝑌 replaced by the constant random variable 𝑌̂ = 1. 

Hence, by the same steps using to prove (5.9), we get,  

∀ 𝜀 > 0,    𝑷 (∫|𝑔̂𝑛(𝑥) − 𝐸𝑔̂𝑛(𝑥)|𝜇(𝑑𝑥) > 𝜀) ≤ 4 exp (−
𝑐𝑛

𝑞
)                    (5.12) 

For some constant 𝑐 > 0 depend only on d. 

 𝑷{𝐽𝑛 ≥ 𝜀} ≤ 6exp (−
𝑛𝜀2

256𝑞𝑀2𝛾2
) 

By talking the sum over n to both sides we get 

∑ 𝑷{𝐽𝑛 ≥ 𝜀}

𝒏≥𝟏

≤ 6 ∑ exp (−
𝑛𝜀2

256𝑞𝑀2𝛾2
)

𝑛≥1

 

Since by assumption  
𝑛

𝑞𝑙𝑜𝑔𝑛
→ ∞ 𝑎𝑠 𝑛 → ∞, by using Borel-cantelli’s lemma together with 

(5.11) and (5.12) we get    

𝐼𝐼 → 0   𝑎𝑛𝑑 ∫|𝑔̂𝑛(𝑥) − 𝐸𝑔̂𝑛(𝑥)|𝜇(𝑑𝑥) → 0           𝑤𝑖𝑡ℎ 𝑝𝑟𝑜𝑝𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑜𝑛𝑒.     (5.13) 

According to (5.5),(5.6) and (5.13) we get  

           ∫|𝑚𝑛(𝑥) − 𝐸𝑚̂𝑛(𝑥)|(𝑑𝑥)

 

𝑅𝑑

→ 0 𝑤𝑖𝑡ℎ 𝑝𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑜𝑛𝑒.                 (5.14)      

Finally, proof is completed according to (5.3) and (5.14) 

6. Simulation study. 

In this section we conduct a simulation study to compare the performance of the estimator for 

different sample sizes. To apply the k nearest neighbor method one should select an optimal k (number of 

neighbors) based on some criteria, for example 𝑘 = ⌊√𝑛⌋  neighbors is widely used in practice, but this 

rule is not always feasible and may give poor results, so we propose the cross-validation criterion(CV) as 

smart way to select the optimal number of  k. 

The CV criterion is based on minimizing, with respect to k, and given by the following term 

𝐶𝑉(𝑘) =
1

𝑛
∑ ((𝑌𝑖 − 𝑚𝑛

−𝑖(𝑥))
2

𝑤(𝑋𝑖)

𝑛

𝑖=1

 

Where 𝑚𝑛
−𝑖(𝑥) indicates the k-NN regression estimation based on leaving out the i pair 

(𝑋𝑖 , 𝑌𝑖), and 𝑤(𝑋𝑖) is the weight function of the element 𝑋𝑖 , we will take it as constant. 

Now we use R software program to generate data (the reader can referred to 

Cohen(2008),Crawley (2013) and Rhys(2020) to know more information about R language ). Data are 

simulated for βeta mixing sequence, where different sample sizes are chosen n=[50,100,200,300]. To 

increase robustness of the results, we generate 100 training samples of size n and 100 corresponding test 

samples of size 100, and average the results. We use the training sample to find the optimal k by CV(k) 
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criterion, and we use the Mean Squared Error (MSE) to evaluate the results based on the associated test 

sample. 

The method is applied to the following regression model: 

𝑌𝑖 = 2 + 0.5𝑋𝑖 + 10 exp (
𝑋𝑖 − 1

2
) + 𝜀𝑖 

Where {𝜀𝑖}𝑖=1
𝑛  are i.i.d random errors with mean 0 and variance 0.25. 

N 5o 100 200 300 

𝑘𝑜𝑝𝑡  K=2 K=3 K=2 K=2 

AMSE 0.85817 0.662132 0.3324791 0.32971 

Table 1: Estimated optimal k and average mean squared error corresponding to sample sizes. 

Taple 1 shows that the estimated optimal k and the average MSE decrease when the training 

sample size increases. This means that the practical results in the simulation study are in line with 

theoretical results. 

Now we try to applying k-NN regression estimator to the autoregressive models of order p . 

Autoregressive models AR(p) are a special case of ARMA models that are known to be 𝛽-mixing (see 

Mokkadaem(1988)). 

Let {𝑍𝑡}𝑡=1
𝑛  be a stationary time series, and 𝑋𝑡 = (𝑍𝑡−1, . . , 𝑍𝑡−𝑝) . AR(p) models defined 

as : 

𝑍𝑡 = 𝜙1𝑍𝑡−1+. . . . +𝜙𝑝𝑍𝑡−𝑝 + 𝜀𝑡             ,     𝑡 = 1, … , 𝑛 
Where 𝜀𝑡~𝑁(0, 𝜎2) 𝑎𝑛𝑑 𝜙 = (𝜙1, . . , 𝜙𝑝) is the vector of model coefficients, then 

regression model  is:  𝑍𝑡 = 𝑚(𝑋𝑡) + 𝜀𝑡  

For this we use R software program to generate time series of size 𝑛 = 200 as observation of 

AR(1) model                    𝑧𝑡 = 0.9𝑍𝑡−1 + 𝜀𝑡  . 

First we find the optimal k value using cross validation method( k=2), then we apply k-NN 

estimator.  
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Figure (1): k-NN regression estimator to the time series with k=2. 

Figure (1) shows how much the k-NN estimator is appropriate to scatter plot for time series under 

study.  

7. Conclusion. 

We see in this paper that the k-NN regression estimator converge almost surly to the regression 

function under 𝛽 mixing condition. The simulation study showed that the quality of the estimator 

increased with the increase in the sample size. 

We suggest expanding the study to include the case of random fields and spatial stochastic 

processes. We suggest too developing the results to include other types of mixing. 
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